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Abstract  11 
Air dehumidification is of vital importance in building air conditioning and production 12 
safety. Semi-permeable membrane module is a novel heat and mass exchanger, which 13 
separates the air and liquid desiccant to overcome desiccant droplet carry-over problem 14 
in traditional direct-contact systems. Recently, some research works have been carried 15 
out in mathematical modelling and experimental testing of membrane-based liquid 16 
desiccant dehumidification technology. Compared with the experimental testing, the 17 
mathematical modelling has advantages of significant time and cost reductions, 18 
practically unlimited level of detail, more profound understanding of physical 19 
mechanism and better investigation of critical situation without any risks. This paper 20 
presents a comprehensive review of various modelling methods for two types of 21 
membrane-based liquid desiccant modules: flat plate and hollow fiber.  22 
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Nomenclature  34 
𝐴 membrane surface area (m2) 
𝑐𝑝 specific heat capacity (J/kgK) 
𝐶 heat capacity rate  
𝐶𝑟
∗ capacitance ratio 
𝐷𝑣 diffusivity (m
2/s) 
ℎ convective heat transfer coefficient (W m2K⁄ ) 
ℎ𝑓𝑔 enthalpy of phase change for saturated water (J kg⁄ ) 
ℎ𝑣 specific heat of evaporation of vapour (k J kg⁄ ) 
𝐻∗ operating factor 
𝑘 thermal conductivity (W m⁄ K) 
𝑚∗ solution to air mass flow rate ratio 
?̇? mass flow rate (kg/s) 
𝑚𝑙𝑎𝑡
∗  latent heat ratio 
?̇?𝑟𝑟 moisture removal rate 
𝑚𝑣 moisture emission rate 
𝑁𝑇𝑈 number of heat transfer units  
𝑁𝑇𝑈𝑚 number of mass transfer units  
𝑇 temperature (℃) 
𝑈 overall heat transfer coefficient (W m2K⁄ ) 
𝑈𝑚 overall mass transfer coefficient (kg m
2s⁄ ) 
?̇? volumetric flow rate (l/min) 
𝑊 humidity ratio (kg/kg dry air) 
  
Greeks   
𝜺 effectiveness  
𝜹 thickness of membrane (m)  
𝝆 density (kg m3⁄ ) 
  
  
Superscripts   
∗ dimensionless  
  
Subscripts  
𝑎𝑖𝑟 air flow 
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𝑖𝑛 inlet  
𝑙𝑎𝑡 latent  
𝑚 mass transfer  
𝑚𝑎𝑥 maximum 
𝑚𝑒𝑚 membrane  
𝑚𝑖𝑛 minimum 
𝑛𝑢𝑚 numerical  
𝑜𝑢𝑡 outlet  
𝑠𝑒𝑛 sensible  
𝑠𝑜𝑙 solution flow 
𝑡𝑜𝑙 total  
 35 
  36 
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1. Introduction  37 
Buildings are responsible for a significant part of global energy consumption. In 38 
particular, heating, ventilation and air-conditioning (HVAC) systems account for 39 
around 50% of energy consumed in buildings [1]. As a matter of fact, 20-40% of the 40 
total energy are consumed in the dehumidification process, and it can be even higher 41 
when 100% fresh air ventilation is required for better indoor environment [2]. In coastal 42 
areas where the humidity level is significantly high, air dehumidification is a necessity 43 
otherwise living would be seriously affected by the humid climate. The ASHRAE 44 
Standard 62-2001 recommends the relatively humidity of 30-60% for indoor 45 
environment [3]. However in some coastal regions, the outside air humidity can reach 46 
80-90% continuously for a dozen of days, and latent cooling load accounts for 20-40% 47 
of total energy consumption of HVAC system [4]. High humidity level would lead to 48 
discomfort and affect the body surface temperature. Furthermore, production safety and 49 
quality would be seriously influenced by too high humidity level [2]. It has been 50 
reported that building energy consumption could be decreased by 20-64% using 51 
efficient dehumidification technologies [5].  52 
There are many air dehumidification methods, including cooling coils, solid desiccant 53 
dehumidification and liquid desiccant dehumidification [2]. The traditional cooling coil 54 
system is inefficient in dealing with latent heat load. Furthermore, the air leaving the 55 
cooling coil is normally overcooled and needs to be re-heated to an appropriate supply 56 
temperature. Therefore, this combined process consumes a considerable amount of 57 
energy to cool (typically using a vapour compression system) and heat (using hot water 58 
or electricity) the supply air [6]. Liquid desiccant system has gained much progress 59 
recently due to the coherent virtues compared with others, for example high efficient 60 
without liquid water condensation. Liquid desiccant can be regenerated using low-61 
grade heat such as solar energy, and the regenerated solution can be used as energy 62 
storage medium as well [7]. Membrane-based dehumidification stands out for its 63 
continuously working mode, reliability and non-direct contacting of air with working 64 
substance that avoids the problem of carry-over [8, 9]. As a result, the membrane-based 65 
air dehumidification system has been studied extensively both experimentally and 66 
numerically. Several literature reviews have been conducted in this area [2, 7, 10]. Most 67 
of the reviews focus on the structures of liquid-to-air contractor, applications of 68 
membrane-based air dehumidification system, membrane materials and simple theory 69 
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models. Numerical modelling methods of different types of membrane-based heat and 70 
mass exchanger have not been reviewed. This paper gives a comprehensive analysis of 71 
various numerical modelling methods to assess energy performance of the membrane-72 
based heat and mass exchanger. 73 
2. Performance evaluation  74 
2.1. Designed operating parameters  75 
Numerical and experimental investigations have revealed that the moisture removal rate 76 
and various effectiveness of the membrane-based heat and mass exchanger depend on 77 
its operating conditions significantly, so the main designed operating parameters are 78 
explored at first. 79 
2.1.1. Capacitance ratio (𝐶𝑟
∗
) 80 
Heat capacity rate 𝐶 is defined as the product of specific heat capacity and mass flow 81 
rate (𝑊 𝐾⁄ ). Thus the heat capacities of desiccant solution and air can be calculated by 82 
Eqs. (1) - (2) [11]. 83 
𝐶𝑠𝑜𝑙 = ?̇?𝑠𝑜𝑙𝑐𝑝,𝑠𝑜𝑙                                                                                                                       (1) 84 
𝐶𝑎𝑖𝑟 = ?̇?𝑎𝑖𝑟𝑐𝑝,𝑎𝑖𝑟                                                                                                                      (2) 85 
Where ?̇?𝑠𝑜𝑙  is the solution mass flow rate (𝑘𝑔/𝑠), ?̇?𝑎𝑖𝑟  is the air mass flow rate 86 
(𝑘𝑔/𝑠), 𝑐𝑝,𝑠𝑜𝑙 is the solution specific heat capacity (𝐽/𝑘𝑔𝐾) and 𝑐𝑝,𝑎𝑖𝑟 is the air specific 87 
heat capacity (𝐽/𝑘𝑔𝐾). 88 
Then the capacitance ratio (or ratio of heat capacity) can be calculated by Eq. (3) [7]. 89 
𝐶𝑟
∗ =
𝐶𝑠𝑜𝑙
𝐶𝑎𝑖𝑟
=
?̇?𝑠𝑜𝑙𝑐𝑝,𝑠𝑜𝑙
?̇?𝑎𝑖𝑟𝑐𝑝,𝑎𝑖𝑟
                                                                                                               (3) 90 
Specifically, another parameter 𝐶𝑟 is defined as: 91 
𝐶𝑟 =
1
𝐶𝑟
∗                                                                                                                        (4) 92 
2.1.2. Solution to air mass flow rate ratio (𝑚∗) 93 
Solution to air mass flow rate ratio is used to indicate relative flow rate of two heat 94 
exchanging fluids, which is defined as: 95 
𝑚∗ =
?̇?𝑚𝑖𝑛
?̇?𝑚𝑎𝑥
=
?̇?𝑎𝑖𝑟
?̇?𝑠𝑜𝑙
                                                                                                         (5) 96 
2.1.3. Operating factor (𝐻∗) 97 
The operating factor is a dimensionless parameter defined as the ratio between the latent 98 
and sensible heat differences between the air and desiccant solution at the exchanger 99 
inlet [12]. 100 
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𝐻∗ =
∆𝐻𝑙𝑎𝑡
∆𝐻𝑠𝑒𝑛
≈ 2500
𝑊𝑎𝑖𝑟,𝑖𝑛−𝑊𝑠𝑜𝑙,𝑖𝑛
𝑇𝑎𝑖𝑟,𝑖𝑛−𝑇𝑠𝑜𝑙,𝑖𝑛
                                                                                             (6) 101 
Where 𝑇𝑎𝑖𝑟,𝑖𝑛 and 𝑇𝑠𝑜𝑙,𝑖𝑛 are air and solution temperatures respectively (℃), 𝑊𝑎𝑖𝑟,𝑖𝑛 is 102 
air humidity ratio (𝑘𝑔 𝑘𝑔⁄  𝑑𝑟𝑦 𝑎𝑖𝑟) and 𝑊𝑠𝑜𝑙,𝑖𝑛 is solution equilibrium humidity ratio 103 
(𝑘𝑔 𝑘𝑔⁄  𝑑𝑟𝑦 𝑎𝑖𝑟). 104 
2.1.4. Number of heat transfer units (𝑁𝑇𝑈)  105 
Effectiveness-NTU method is one of the most commonly used approaches for heat 106 
exchanger analysis. Compared with log-mean-temperature-difference method, it 107 
provides a superior way to analyse heat exchanger performance in terms of non-108 
dimensional variables [12]. 𝑁𝑇𝑈  has a considerable impact on the sensible 109 
effectiveness of energy exchanger. The sensible effectiveness increases with 𝑁𝑇𝑈 [8, 110 
13].  111 
𝑁𝑇𝑈 =
𝑈𝐴
𝐶𝑚𝑖𝑛
                                                                                                                               (7) 112 
𝑈 = [
1
ℎ𝑎𝑖𝑟
+
𝛿
𝑘𝑚𝑒𝑚
+
1
ℎ𝑠𝑜𝑙
]
−1
                                                                                                       (8) 113 
Where 𝑈 is the overall heat transfer coefficient (𝑊 𝑚2𝐾⁄ ), 𝐴 is the membrane surface 114 
area (𝑚2), 𝐶𝑚𝑖𝑛 is the minimum value of heat capacity rate of air and desiccant solution 115 
(𝑊 𝐾⁄ ), ℎ𝑎𝑖𝑟  is the convective heat transfer coefficient of air (𝑊 𝑚
2𝐾⁄ ), ℎ𝑠𝑜𝑙  is the 116 
convective heat transfer coefficient of desiccant solution (𝑊 𝑚2𝐾⁄ ), 𝛿 is the thickness 117 
of membrane (𝑚), 𝑘𝑚𝑒𝑚 is the thermal conductivity of membrane (𝑊 𝑚⁄ 𝐾).  118 
2.1.5. Number of mass transfer units (𝑁𝑇𝑈𝑚) 119 
The number of mass transfer units has an important effect on the latent effectiveness of 120 
energy exchanger. The latent effectiveness increases with 𝑁𝑇𝑈𝑚 [7, 13].  121 
𝑁𝑇𝑈𝑚 =
𝑈𝑚𝐴
?̇?𝑚𝑖𝑛
                                                                                                                           (9) 122 
𝑈𝑚 = [
1
ℎ𝑚,𝑎𝑖𝑟
+
𝛿
𝑘𝑚
+
1
ℎ𝑚,𝑠𝑜𝑙
]
−1
                                                                                                   (10) 123 
Where 𝑈𝑚 is the overall mass transfer coefficient (𝑘𝑔 𝑚
2𝑠⁄ ), ?̇?𝑚𝑖𝑛 is the minimum 124 
mass flow rate of air and desiccant solution (𝑘𝑔 𝑠⁄ ), ℎ𝑚,𝑎𝑖𝑟 is the air convective mass 125 
transfer coefficient (𝑘𝑔 𝑚2𝑠⁄ ), ℎ𝑚,𝑠𝑜𝑙 is the convective mass transfer coefficient of the 126 
desiccant solution (𝑘𝑔 𝑚2𝑠⁄ ), 𝑘𝑚 is the membrane water permeability (𝑘𝑔 𝑚⁄ 𝑠). It is 127 
found that the convective mass transfer coefficient of the desiccant solution is much 128 
higher than that of the air, thus 
1
ℎ𝑚,𝑠𝑜𝑙
 can be neglected for the simplicity [12].  129 
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 130 
2.1.6. Moisture emission rate (𝑚𝑣) 131 
The moisture emission rate 𝑚𝑣 is defined by Zhang [14] as the moisture flux through 132 
the membrane. 133 
𝑚𝑣 = 𝜌𝑎𝑖𝑟𝐷𝑣𝑚
𝑊𝑚𝑒𝑚,1−𝑊𝑚𝑒𝑚,2
𝛿
                                                                                                   (11) 134 
Where 𝜌𝑎𝑖𝑟 is the air density (𝑘𝑔 𝑚
3⁄ ), 𝐷𝑣𝑚 is the moisture diffusivity in the membrane 135 
(𝑚2 𝑠⁄ ), 𝑊𝑚𝑒𝑚,1 and 𝑊𝑚𝑒𝑚,2 are the humidity ratios of the membrane on the air and 136 
solution sides (𝑔 𝑘𝑔⁄  𝑑𝑟𝑦 𝑎𝑖𝑟).  137 
2.1.7. Latent heat ratio (𝑚𝑙𝑎𝑡
∗ ) 138 
Latent heat ratio is firstly introduced by Zhang [15] to show how the water temperature 139 
is affected by the moisture evaporation heat.  140 
𝑚∗𝑙𝑎𝑡 =
𝜌𝑎𝑖𝑟𝑉𝑎𝑖𝑟ℎ𝑣(𝑊𝑤,𝑖𝑛−𝑊𝑎𝑖𝑟,𝑖𝑛)
𝜌𝑤𝑉𝑤𝑐𝑝,𝑤(𝑇𝑤,𝑖𝑛−𝑇𝑎𝑖𝑟,𝑖𝑛)
                                                                                               (12) 141 
Where  ℎ𝑣 is the specific heat of evaporation of vapour (𝑘𝐽 𝑘𝑔⁄ ). 142 
 143 
2.2. Moisture removal rate (?̇?𝑟𝑟) 144 
Moisture removal rate of the membrane-based heat and mass exchanger is defined as 145 
the mass transfer rate of moisture between the air and desiccant solution (𝑘𝑔 𝑠⁄ ). 146 
?̇?𝑟𝑟 = ?̇?𝑎𝑖𝑟|𝑊𝑎𝑖𝑟,𝑜𝑢𝑡 − 𝑊𝑎𝑖𝑟,𝑖𝑛|                                                                                  (13) 147 
Where ?̇?𝑎𝑖𝑟 is the mass flow rate of dry air (𝑘𝑔 𝑠⁄ ).  148 
 149 
2.3. Effectiveness  150 
Effectiveness is the most important parameter used to evaluate the performance of a 151 
heat and mass exchanger [16]. Three types of effectiveness have been defined: sensible 152 
effectiveness (𝜀𝑠𝑒𝑛 ), latent effectiveness ( 𝜀𝑙𝑎𝑡 ) and total effectiveness (𝜀𝑡𝑜𝑡 ). The 153 
sensible effectiveness is defined as the ratio between the actual and maximum possible 154 
rates of sensible heat transfer inside the heat exchanger, the latent effectiveness is 155 
defined as the ratio between the actual and the maximum possible moisture transfer 156 
rates inside the mass exchanger, and the total effectiveness is the ratio between the 157 
actual and maximum possible energy (enthalpy) transfer rates inside the heat and mass 158 
exchanger. In the air side, the capacity rate of desiccant solution is higher than that of 159 
the air, which means 𝐶𝑟∗ ≥ 1, the sensible, latent and total effectiveness for the air flow 160 
can be calculated by Eqs. (14) - (16) [17]. 161 
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𝜀𝑎𝑖𝑟,𝑠𝑒𝑛 = 
𝑇𝑎𝑖𝑟,𝑖𝑛−𝑇𝑎𝑖𝑟,𝑜𝑢𝑡
𝑇𝑎𝑖𝑟,𝑖𝑛−𝑇𝑠𝑜𝑙,𝑖𝑛
                                                                                                                   (14) 162 
𝜀𝑎𝑖𝑟,𝑙𝑎𝑡 = 
𝑊𝑎𝑖𝑟,𝑖𝑛−𝑊𝑎𝑖𝑟,𝑜𝑢𝑡
𝑊𝑎𝑖𝑟,𝑖𝑛−𝑊𝑠𝑜𝑙,𝑖𝑛
                                                                                                                 (15) 163 
𝜀𝑎𝑖𝑟,𝑡𝑜𝑙 =
𝜀𝑠𝑒𝑛+𝐻
∗𝜀𝑙𝑎𝑡
1+𝐻∗
                                                                                                                       (16) 164 
For the regenerator where the main focus is on the solution, solution-side effectiveness 165 
are more important than air side effectiveness. The solution side sensible, latent and 166 
total effectiveness can be calculated by [18]: 167 
𝜀𝑠𝑜𝑙,𝑠𝑒𝑛 = 
(?̇?𝑐𝑝)𝑠𝑜𝑙
(𝑇𝑠𝑜𝑙,𝑜𝑢𝑡−𝑇𝑠𝑜𝑙,𝑖𝑛)−?̇?𝑠𝑎𝑙𝑡ℎ𝑓𝑔(𝑋𝑠𝑜𝑙,𝑜𝑢𝑡−𝑋𝑠𝑜𝑙,𝑖𝑛)
(?̇?𝑐𝑝)𝑎𝑖𝑟
(𝑇𝑎𝑖𝑟,𝑖𝑛−𝑇𝑠𝑜𝑙,𝑖𝑛)
                                             (17) 168 
𝜀𝑠𝑜𝑙,𝑙𝑎𝑡 =
?̇?𝑠𝑎𝑙𝑡(𝑋𝑠𝑜𝑙,𝑜𝑢𝑡−𝑋𝑠𝑜𝑙,𝑖𝑛)
?̇?𝑎𝑖𝑟(𝑊𝑎𝑖𝑟,𝑖𝑛−𝑊𝑠𝑜𝑙,𝑖𝑛)
                                                                                       (18) 169 
𝜀𝑠𝑜𝑙,𝑡𝑜𝑡 = 
(?̇?𝑐𝑝)𝑠𝑜𝑙
(𝑇𝑠𝑜𝑙,𝑜𝑢𝑡−𝑇𝑠𝑜𝑙,𝑖𝑛)
(?̇?𝑐𝑝)𝑎𝑖𝑟
(𝑇𝑎𝑖𝑟,𝑖𝑛−𝑇𝑠𝑜𝑙,𝑖𝑛)+?̇?𝑎𝑖𝑟ℎ𝑓𝑔(𝑊𝑎𝑖𝑟,𝑖𝑛−𝑊𝑠𝑜𝑙,𝑖𝑛)
                                               (19)   170 
Where ℎ𝑓𝑔 is the enthalpy of phase change for saturated water (𝐽 𝑘𝑔⁄ ).  171 
3. Modelling methods 172 
There are three main types of modelling methods for the membrane-based liquid 173 
desiccant heat and mass exchanger: effectiveness 𝑁𝑇𝑈 (𝑒 − 𝑁𝑇𝑈), finite difference 174 
and conjugate heat and mass transfer methods. In this section these will be discussed in 175 
details.  176 
3.1. Effectiveness NTU (𝑒 − 𝑁𝑇𝑈) method    177 
3.1.1. Flat-plate membrane module  178 
An analytical model is presented by Shah and London [19] based on pure analogy for 179 
a flat-plate heat exchanger, but only the sensible effectiveness is predicted. The model 180 
is valid for the flat-plate heat exchanger at steady-state laminar flow operating condition. 181 
Based on their study, the sensible effectiveness of pure cross and counter flow heat 182 
exchangers are given by: 183 
𝜀𝑠𝑒𝑛,𝑐𝑟𝑜𝑠𝑠 = 1 − 𝑒𝑥𝑝 {
𝑁𝑇𝑈0.22
𝐶𝑟
[𝑒𝑥𝑝(−𝐶𝑟. 𝑁𝑇𝑈0.78) − 1]}                                           (20)                              184 
𝜀𝑠𝑒𝑛,𝑐𝑜𝑢𝑛𝑡𝑒𝑟 =
1−𝑒𝑥𝑝[−𝑁𝑇𝑈(1−𝐶𝑟)]
1−𝐶𝑟.exp [−𝑁𝑇𝑈(1−𝐶𝑟)]
                                                                              (21) 185 
For an innovative counter-cross flow exchanger, the sensible effectiveness can be 186 
calculated by combining Eqs. (20) and (21) [20]: 187 
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𝜀𝑠𝑒𝑛,𝑐𝑜𝑢𝑛𝑡𝑒𝑟−𝑐𝑟𝑜𝑠𝑠 = (
𝐴𝑐𝑟𝑜𝑠𝑠
𝐴𝑐𝑜𝑢𝑛𝑡𝑒𝑟−𝑐𝑟𝑜𝑠𝑠
) 𝜀𝑠𝑒𝑛,𝑐𝑟𝑜𝑠𝑠 + (
𝐴𝑐𝑜𝑢𝑛𝑡𝑒𝑟
𝐴𝑐𝑜𝑢𝑛𝑡𝑒𝑟−𝑐𝑟𝑜𝑠𝑠
) 𝜀𝑠𝑒𝑛,𝑐𝑜𝑢𝑛𝑡𝑒𝑟               (22)    188 
Where 𝐴 is the active area of the exchanger (𝑚2). 189 
However, the above analytical solution does not take mass transfer into consideration, 190 
which means this method is unable to predict the dehumidification performance. Thus 191 
the latent effectiveness for cross, counter and counter-cross flow exchangers are 192 
produced in literature [21] based on the heat and mass transfer analogy from Eqs. (20) 193 
- (22): 194 
𝜀𝑙𝑎𝑡,𝑐𝑟𝑜𝑠𝑠 = 1 − 𝑒𝑥𝑝 {
𝑁𝑇𝑈𝑚
0.22
𝑚∗
[𝑒𝑥𝑝(−𝑚∗. 𝑁𝑇𝑈𝑚
0.78) − 1]}                                           (23) 195 
𝜀𝑙𝑎𝑡,𝑐𝑜𝑢𝑛𝑡𝑒𝑟 =
1−𝑒𝑥𝑝[−𝑁𝑇𝑈𝑚(1−𝑚
∗)]
1−𝑚∗.exp [−𝑁𝑇𝑈𝑚(1−𝑚∗)]
                                                                           (24) 196 
𝜀𝑙𝑎𝑡,𝑐𝑜𝑢𝑛𝑡𝑒𝑟−𝑐𝑟𝑜𝑠𝑠 = (
𝐴𝑐𝑟𝑜𝑠𝑠
𝐴𝑐𝑜𝑢𝑛𝑡𝑒𝑟−𝑐𝑟𝑜𝑠𝑠
) 𝜀𝑙𝑎𝑡,𝑐𝑟𝑜𝑠𝑠 + (
𝐴𝑐𝑜𝑢𝑛𝑡𝑒𝑟
𝐴𝑐𝑜𝑢𝑛𝑡𝑒𝑟−𝑐𝑟𝑜𝑠𝑠
) 𝜀𝑙𝑎𝑡,𝑐𝑜𝑢𝑛𝑡𝑒𝑟              (25)                                               197 
The above analytical solution is used for the traditional flat plate heat exchanger. As 198 
for membrane-based liquid desiccant heat and mass exchanger, a novel technique is 199 
firstly presented in 1996 by Isetti et al. [22] to stabilize the relative humidity of air in a 200 
museum by using a synthetic hydrophobic membrane coupled with a hygroscopic 201 
solution in a plane plate membrane contractor, as shown in Fig. 1.  202 
               203 
Fig. 1. A synthetic hydrophobic membrane separating the air and liquid phase [22] 204 
 205 
Flat plate membrane module is the most common type of membrane modules for simple 206 
structure and easy fabrication [10], and used as air-to-air heat and mass exchanger 207 
previously [23, 24]. Effectiveness correlations are introduced by Zhang and Niu [25] 208 
for a flat plate exchanger with membrane cores as indicated in Fig. 2. 209 
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 210 
Fig.2. Schematic of a cross-flow enthalpy exchanger with membrane cores [25] 211 
As shown in Fig. 2, two fluids flow in thin, parallel, alternating membrane layers to 212 
transfer heat and mass from one fluid to another. In their research, some assumptions 213 
are made to build governing equations, these include: no lateral mixing of the two fluids, 214 
no heat conduction and vapour diffusion in the fluids, constant heat conductivity and 215 
water diffusivity in the membrane, and one-dimensional heat and mass transfer in the 216 
membrane. The sensible and latent effectiveness correlations are developed as: 217 
𝜀𝑠𝑒𝑛 = 1 − 𝑒𝑥𝑝 [
exp(−𝑁𝑇𝑈0.78𝑅1)−1
𝑁𝑇𝑈−0.22𝑅1
]                                                                             (26) 218 
𝜀𝑙𝑎𝑡 = 1 − 𝑒𝑥𝑝 [
exp(−𝑁𝑇𝑈𝑙𝑎𝑡
0.78𝑅1)−1
𝑁𝑇𝑈𝑙𝑎𝑡
−0.22𝑅1
]                                                                             (27) 219 
Where  220 
𝑅1 =
(?̇?𝑐𝑝𝑎)𝑚𝑖𝑛
(?̇?𝑐𝑝𝑎)𝑚𝑎𝑥
                                                                                                            (28) 221 
𝑅2 =
?̇?𝑚𝑖𝑛
?̇?𝑚𝑎𝑥
                                                                                                                    (29) 222 
𝑁𝑇𝑈𝑙𝑎𝑡 is the total number of transfer units for moisture which can be calculated by: 223 
𝑁𝑇𝑈𝑙𝑎𝑡 = 𝛽 ∙ 𝑁𝑇𝑈                                                                                                       (30) 224 
Where 225 
𝛽 =
1
1+𝛼
                                                                                                                      (31) 226 
𝛼 =
𝛾𝑚
𝛾𝑐
                                                                                                                        (32) 227 
𝛾𝑐 =
2
𝑘𝑠
                                                                                                                             (33) 228 
Where 𝛾𝑐  is the convective moisture transfer resistance, 𝛼  is the ratio of diffusive 229 
resistance to convective resistance of the membrane.  230 
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3.1.2. Hollow fiber membrane module  231 
The parallel-plate membrane module is simple in structure and easy to be fabricated, 232 
however, the packing density is around 500 𝑚2 𝑚3⁄ , which is not large enough. 233 
Compared with the parallel-plate membrane module, the hollow fiber membrane 234 
module is more attractive for its higher packing density and larger heat and mass 235 
transfer capacity [2]. A hollow fiber module prototype is firstly built at the University 236 
of Genoa by Bergero and Chiari [26]. As shown in Fig. 3, 800 polypropylene hollow 237 
fibers are assembled together in a rectangular geometry, LiCl and water are used as the 238 
working fluids for air dehumidification and humidification.  239 
 240 
Fig. 3. Structure and dimensions of the hollow fiber membrane module prototype 241 
built at the University of Genoa [26] 242 
 243 
Many studies have been conducted based on the fluid flow and heat and mass transfer 244 
through membranes, in tube side or in the shell side. In literature [27], it is identified 245 
that for microporous membranes, the mechanism of the common gas-liquid membrane 246 
contractors is based on the combined Knudsen and ordinary diffusions. For the 247 
nonporous membranes, they are highly hydrophobic, and Knudesn diffusion is the 248 
predominant mechanism for water vapour transporting through the membrane. The 249 
resistance in the nonporous membrane is considered as a lumped parameter, for the 250 
fluid flow inside the hollow fibers, a set of differential equations are obtained from 251 
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mass balance inside the fibers. The Graetz-Levegue solution [28, 29] is used to predict 252 
the fiber-side mass transfer coefficient, and a general classification for Graetz-Levegue 253 
solution is given by Kreulen et al. [30] by curve fitting of Graetz and Levegue solutions, 254 
which can be applied for transition region not covered by Graetz-Levegue solution. The 255 
heat and mass transfer outside the hollow fiber tubes is relatively more complex than 256 
that in inner fiber tubes. The coupled heat and mass transfer in the hollow fiber 257 
membrane contractor is studied by Zhang [31], and an analytical solution is obtained 258 
which is convenient to use in the practice, the hollow fiber membrane contractor used 259 
in this research is given in Fig. 4. 260 
 261 
Fig. 4. Schematic of the hollow fiber membrane module for air dehumidification [31]  262 
As shown in Fig. 4, this hollow fiber membrane module is similar to the traditional 263 
shell-and-tube heat exchanger, air flows outside the fibers while the solution flows in 264 
the fibers, and they are in counter flow configuration. The differential equations of heat 265 
and moisture transfer in the air and solution flows are established, the sensible and latent 266 
effectiveness can be obtained: 267 
𝜀𝑠𝑒𝑛 = 1 − 𝐶1𝑒
𝜆1 − 𝐶2𝑒
𝜆2                                                                                             (34) 268 
𝜀𝑙𝑎𝑡 = 1 + 𝐾1𝐶1𝑒
𝜆1 − 𝐾2𝐶2𝑒
𝜆2                                                                                  (35) 269 
Where 𝐶1 and 𝐶2 are the coefficients that are functions of constant coefficients: 𝑎11 −270 
𝑎22. 𝜆1 and 𝜆2 are the roots of characteristic equations. 𝐾1 and 𝐾2 are the intermedia 271 
coefficients of the analytical solution.  272 
This analytical solution based on solely algebraic correlations is accurate and 273 
convenient to use to estimate the sensible and latent effectiveness. However the solution 274 
outlet temperature and concentration need to be assumed in order to start the calculation, 275 
which increases the calculation load. Zhang’s analytical solution is extended by 276 
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assuming that the desiccant solution mass flow rate and concentration are constant [32], 277 
since the moisture contents absorbed/desorbed by the solution are negligible compared 278 
with desiccant mass flow rate. This assumption is verified by experimental results for 279 
air dehumidification and desiccant regeneration. In literature [32], a flat-plate counter-280 
cross-flow liquid-to-air membrane energy exchanger (LAMEE) is adopted, as shown 281 
in Fig. 5.  282 
 283 
Fig. 5. Schematic of a single counter-cross-flow LAMEE [32]  284 
The solution properties and its equilibrium humidity ratio are only related to the 285 
solution temperature based on the assumption mentioned earlier, and the slope (𝐸𝑇) is 286 
only associated with iterated solution temperature. The slope calculation method is 287 
different from Zhang’s analytical solution [31], in which 𝐸𝑇 is related to both iterated 288 
solution temperature and concentration. Furthermore, Zhang’s analytical solution is for 289 
hollow fiber membrane contractor, thus in order to use this solution 𝑈 and 𝑈𝑚 need to 290 
be calculated based on a flat-plate membrane contractor and substituted into Zhang’s 291 
analytical correlations.  292 
To sum up, there are few literatures using 𝑒 − 𝑁𝑇𝑈  method. Compared to finite 293 
difference method and conjugate heat and mass transfer method, 𝑒 − 𝑁𝑇𝑈 method is 294 
more effective, time-saving but less accurate accordingly.  295 
3.2. Finite difference method    296 
The finite difference method is widely used for its high accuracy [33]. The coupled heat 297 
and mass transfer in the air, solution flows and membrane of a counter flow LAMEE is 298 
numerically modelled by Moghaddam et al. [34], the steady state effectiveness of the 299 
LAMEE is analysed. The schematic of the LAMEE is shown in Fig. 6.  300 
14 
 
 301 
Fig. 6. Schematic of a counter-flow small-scale single-panel LAMEE and system 302 
coordinates [34] 303 
 304 
As can be seen in Fig. 6, the air and solution channels are separated by a semi-permeable 305 
membrane, and they are in counter flow configuration. To simplify the numerical 306 
modelling, some assumptions are made, including: well-insulated exchanger, steady 307 
state, fully developed flows, constant thermal properties and convective heat and mass 308 
transfer coefficients , uniform velocity and temperature at inlets, no axial conduction 309 
(i.e. 𝑃𝑒 > 20 in the air and solution channels [35, 36] ) and phase change heat gain or 310 
loss only occur in the solution side. The normalized governing equations of mass and 311 
energy balances for the solution side are given by: 312 
𝑑𝑋𝑠𝑜𝑙
𝑑𝑥∗
− 𝑊0𝑁𝑇𝑈𝑚 ∙ 𝑚
∗(1 + 𝑋𝑠𝑜𝑙)(𝜑𝑎𝑖𝑟 − 𝜑𝑠𝑜𝑙,𝑚𝑒𝑚) = 0                                            (36) 313 
𝑑𝜃𝑠𝑜𝑙
𝑑𝑥∗
− 𝑁𝑇𝑈𝑚 ∙ 𝐻
∗𝐶𝑟(𝜑𝑎𝑖𝑟 − 𝜑𝑠𝑜𝑙,𝑚𝑒𝑚) − 𝑁𝑇𝑈 ∙ 𝐶𝑟(𝜃𝑎𝑖𝑟 − 𝜃𝑠𝑜𝑙) = 0                       (37) 314 
The normalized governing equations for the air side are given by: 315 
𝑑𝜑𝑎𝑖𝑟
𝑑𝑥∗
+ 2𝑁𝑇𝑈𝑚(𝜑𝑎𝑖𝑟 − 𝜑𝑠𝑜𝑙,𝑚𝑒𝑚) = 0                                                                        (38) 316 
𝑑𝜃𝑎𝑖𝑟
𝑑𝑥∗
+ 2𝑁𝑇𝑈(𝜃𝑎𝑖𝑟 − 𝜃𝑠𝑜𝑙) = 0                                                                                     (39) 317 
The normalized governing equations for the membrane are: 318 
𝑁𝑇𝑈𝑚𝑊0(𝜑𝑎𝑖𝑟 − 𝜑𝑠𝑜𝑙,𝑚𝑒𝑚) = 𝑁𝑇𝑈𝑚,𝑠𝑜𝑙(𝐶𝑠𝑎𝑙𝑡 − 𝐶𝑠𝑎𝑙𝑡,𝑚𝑒𝑚)                                            (40) 319 
𝑁𝑇𝑈(𝜃𝑎𝑖𝑟 − 𝜃𝑠𝑜𝑙,𝑚𝑒𝑚) + 𝑁𝑇𝑈𝑚𝐻
∗(𝜑𝑎𝑖𝑟 − 𝜑𝑠𝑜𝑙,𝑚𝑒𝑚) = 𝑁𝑇𝑈𝑠𝑜𝑙(𝜃𝑠𝑜𝑙,𝑚𝑒𝑚 − 𝜃𝑠𝑜𝑙)          (41) 320 
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In Eqs. (36) - (41), the number of heat transfer unit 𝑁𝑇𝑈, number of mass transfer unit 321 
𝑁𝑇𝑈𝑚, 𝐶𝑟, mass flow rate ratio 𝑚
∗, and operating factor 𝐻∗ have been introduced in 322 
section 2. 𝜑 ,𝜃  and 𝑥∗  are dimensionless humidity content, temperature and length 323 
respectively, which are given by: 324 
𝜑 =
𝑊−𝑊𝑎𝑖𝑟,𝑖𝑛
𝑊𝑠𝑜𝑙,𝑖𝑛−𝑊𝑎𝑖𝑟,𝑖𝑛
                                                                                                                     (42) 325 
𝜃 =
𝑇−𝑇𝑎𝑖𝑟,𝑖𝑛
𝑇𝑠𝑜𝑙,𝑖𝑛−𝑇𝑎𝑖𝑟,𝑖𝑛
                                                                                                                        (43) 326 
𝑥∗ =
𝑥
𝑥0
                                                                                                                                      (44) 327 
In Eq. (36), 𝑋𝑠𝑜𝑙 is the solution mass fraction, which can be obtained by: 328 
𝑋𝑠𝑜𝑙 =
𝑚𝑎𝑠𝑠 𝑜𝑓 𝑤𝑎𝑡𝑒𝑟
𝑚𝑎𝑠𝑠 𝑜𝑓 𝑠𝑎𝑙𝑡
                                                                                                                  (45) 329 
𝑊0 is defined as: 330 
𝑊0 = 𝑊𝑠𝑜𝑙,𝑖𝑛 − 𝑊𝑎𝑖𝑟,𝑖𝑛                                                                                                  (46) 331 
The required boundary conditions are the inlet air temperature and humidity ratios, and 332 
water temperature and mass fraction in the solution side. The governing equations are 333 
then solved by finite difference method, the numerical model is validated by 334 
experimental test data for summer test conditions, a good agreement between numerical 335 
results and experimental data is achieved.  336 
Parallel flow structure is not easy for sealing the liquid fluids [37, 38], while across 337 
flow arrangement is more favourable for practical application. A cross flow heat and 338 
moisture exchanger is modelled by Fan et al. [39], the geometry of one pair of flow 339 
channels of this module and the coordinate system are shown in Fig. 7.  340 
 341 
Fig. 7. Schematic of a cross-flow LAMEE (a) and the coordinate system (b) [39] 342 
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The same modelling method is used in this study as that in literature [34]. Due to the 343 
cross flow configuration, the dimensionless length in y direction is defined as: 344 
𝑦∗ =
𝑦
𝑦0
                                                                                                                                      (47) 345 
As mentioned previously, the counter flow structure is difficult to seal the solution. 346 
Furthermore, the counter flow exchanger with simple headers located adjacent to each 347 
other is hard to construct in the limited space available in HVAC systems [35]. However, 348 
the efficiency of the counter flow exchanger is approximately 10% higher than that of 349 
the cross flow configuration [40]. Thus a module that incorporates counter flow heat 350 
exchanger with cross flow inlet and outlet headers is developed by Vali et al [35, 41], 351 
as shown in Fig. 8.  352 
 353 
Fig. 8. Schematic of a flat-plate counter-cross flow LAMEE [35, 41]  354 
 355 
Heat transfer in the counter-cross flow LAMEE is firstly studied [35], the air 356 
temperature 𝑇𝑎𝑖𝑟 and liquid solution temperature 𝑇𝑠𝑜𝑙 are obtained from heat balance 357 
equations. The bulk mean liquid velocity is determined by applying the second-order 358 
Laplace equation for the stream function (𝜓): 359 
∇2𝜓 = 0                                                                                                                        (48) 360 
Implicit finite difference method is used to solve the governing equations. Then this 361 
study is extended by considering both heat and mass transfer problems [41], and the 362 
governing equations in the air and solution sides are similar to Eqs. (36) - (41). The 363 
determination of heat transfer coefficient ℎ and mass transfer coefficient ℎ𝑚 are based 364 
on an approximation that heat and mass flux on the membrane are uniform. ℎ can be 365 
derived from the correlation for Nusselt number: 366 
𝑁𝑢 =
ℎ𝑑ℎ
𝑘
                                                                                                                     (49) 367 
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Where 𝑑ℎ is the hydraulic diameter (𝑚), 𝑘 is thermal conductivity (𝑊/𝑚
−1𝐾−1), 𝑁𝑢 368 
is constant and equal to 8.24 [42, 43]. Similarly, ℎ𝑚 can be derived from the correlation 369 
for Sherwood number [40]: 370 
𝑆ℎ = 𝑁𝑢𝐿𝑒−1/3                                                                                                           (50) 371 
𝑆ℎ =
ℎ𝑚𝑑ℎ
𝐷
                                                                                                                     (51) 372 
Where 𝐿𝑒 is Lewis number given by the ratio of thermal diffusivity 𝛼  to the mass 373 
diffusivity 𝐷 . Implicit finite difference method is also used to solve the governing 374 
equations.  375 
A similar numerical modelling for cross flow membrane contractor is produced by Das 376 
and Jain [44], but the calculation process of 𝑁𝑢 and mass transfer resistance in the 377 
membrane is improved. Most of the previous studies only focus on the laminar regime, 378 
the approximate correlations is used to consider transition regime in literature [44]. 379 
Nusselt number is obtained from correlations for laminar, transition and turbulent 380 
conditions in literature [45]. The mass transfer resistance in the membrane can be 381 
calculated by: 382 
𝜙𝑚𝑒𝑚 =
𝜏𝛿
𝐷𝜖𝜌𝑎𝑖𝑟
                                                                                                             (52) 383 
Where 𝜖 is the membrane porosity, 𝜏 is the tortuosity which can be obtained by the 384 
empirical relation in literatures [46, 47]: 385 
𝜏 =
(2−𝜖)2
𝜖
                                                                                                                     (53) 386 
Heat transfer resistance in the membrane, convective heat and mass transfer coefficients 387 
and Sherwood number 𝑆ℎ  are calculated in the same ways as those introduced 388 
previously.  389 
A two-dimensional transient model is developed by Seyed-Ahmadi et al. [36, 48] for 390 
the coupled heat and mass transfer in a run-around heat and moisture exchanger system 391 
(RAMEE), as shown in Fig.9.  392 
18 
 
 393 
Fig. 9. Schematic of RAMEE system (a) and schematic of cross flow LAMEE (b) 394 
[36, 48] 395 
In Fig. 9(a), a RAMEE consists two LAMEEs, two storage tanks, two pumps and 396 
connecting tubing. Compared to the steady-state modelling, the transient effect is of 397 
vital importance during the system operation since the thermal and mass capacities of 398 
the liquid are larger than that of air. In this study, governing equations are similar to 399 
those developed in literatures [34-35, 39, 41]. Then a characteristic dimensionless time 400 
(𝜏) is defined relative to the transport time for the bulk solution to flow through both 401 
LAMEEs without considering the storage tanks or connecting tubes: 402 
𝜏 =
1
𝑡𝑠𝑜𝑙,𝑠
∗ −1+𝑡𝑠𝑜𝑙,𝑒
∗ −1                                                                                                         (54) 403 
𝜏  indicates the number of complete volume circulations of the solution in both 404 
LAMEEs, which is used to interpret the transient response of the system at different 405 
operating conditions. In order to investigate the transient behaviour, the performance 406 
of RAMEE is studied for a sufficient time until the system attains quasi-steady state. 407 
Two different criteria are adopted to define quasi-steady state for different initial 408 
solution concentrations. 409 
The first criterion is based on energy and mass balances for the air side and applied 410 
when ∆𝐶𝑠𝑎𝑙𝑡 = 0: 411 
|
(𝑊𝑎𝑖𝑟,𝑖𝑛,𝑠−𝑊𝑎𝑖𝑟,𝑜𝑢𝑡,𝑠)−(𝑊𝑎𝑖𝑟,𝑜𝑢𝑡,𝑒−𝑊𝑎𝑖𝑟,𝑖𝑛,𝑒)
(𝑊𝑎𝑖𝑟,𝑖𝑛,𝑠−𝑊𝑎𝑖𝑟,𝑖𝑛,𝑒)
| ≤ 1 × 10−2                                                     (55) 412 
|
(𝐻𝑎𝑖𝑟,𝑖𝑛,𝑠−𝐻𝑎𝑖𝑟,𝑜𝑢𝑡,𝑠)−(𝐻𝑎𝑖𝑟,𝑜𝑢𝑡,𝑒−𝐻𝑎𝑖𝑟,𝑖𝑛,𝑒)
(𝐻𝑎𝑖𝑟,𝑖𝑛,𝑠−𝐻𝑎𝑖𝑟,𝑖𝑛,𝑒)
| ≤ 1 × 10−2                                                     (56) 413 
The second criterion is based on rate of change in the effectiveness and applied when 414 
∆𝐶𝑠𝑎𝑙𝑡 ≠ 0: 415 
19 
 
|
𝜕𝜀
𝜕𝜏
| ≤ 5 × 10−6                                                                                                           (57) 416 
The governing equations are discretised by applying implicit finite difference method 417 
for the time derivative and upwind scheme for the first order spatial derivative, and 418 
solved by using Gauss-Seidal iteration method.  419 
Following the similar method, the transient model is extended to a RAMEE system 420 
consisting two counter-cross flow LAMEEs by Namvar et al. [49], the time constant is 421 
treated as an important parameter in transient response of the LAMEE under the 422 
summer test conditions. Furthermore, it is found that the buoyancy forces affect the 423 
LAMEE performance under the winter testing conditions. The modelling results show 424 
that Grashof number 𝐺𝑟  is higher than Reynolds number under the winter testing 425 
conditions, so the buoyancy forces should not be neglected.  426 
To sum up, the finite difference method provides better accuracy in modelling 427 
compared with 𝜀 − 𝑁𝑇𝑈 method, its governing equations are discretised by applying 428 
finite difference method and solved by using iteration method. The heat and mass 429 
transfer coefficients are derived from correlations of fundamental data such as Nusselt 430 
and Sherwood numbers, which are borrowed from well-known books [40, 50]. 431 
However, these data are obtained under the uniform temperature (heat flux) or 432 
concentration (mass flux) boundary conditions, which are unable to accurately reflect 433 
real heat and mass transfer properties in the membrane module. That is because the 434 
boundary conditions on the membrane surface are neither uniform temperature (heat 435 
flux) nor uniform concentration (mass flux), instead, they are naturally formed by the 436 
coupling of the air and solution flows [2]. In order to solve this problem, conjugate heat 437 
and mass transfer modelling method is required, which is introduced in the next section.  438 
 439 
3.3. Conjugate heat and mass transfer method     440 
3.3.1. Flat plate membrane module  441 
As mentioned previously, the drawback of the finite difference modelling can be 442 
avoided by using the conjugate heat and mass transfer modelling method. A 443 
mathematical model is established by Huang and Zhang [51] for a cross-flow flat plate 444 
membrane module, the schematic of the membrane module and its coordinate system 445 
are given in Fig. 10 for the unit cell with one membrane and two neighbouring flow 446 
channels. Some assumptions are made in this model including: laminar flow mode for 447 
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both the air and liquid solution, Newtonian fluids with constant thermophysical 448 
properties, hydrodynamically fully developed while developing both thermally and in 449 
concentration for both flows, no heat and mass diffusion along the main flow direction.  450 
 451 
Fig. 10. Schematic of a cross-flow LAMEE (a) and the coordinate system (b) [51] 452 
 453 
The normalized governing equations in the model for the air side are: 454 
𝜕2𝑢𝑎
∗
𝜕𝑥∗2
+ (
𝑏
𝑎
)
2 𝜕2𝑢𝑎
∗
𝜕𝑦∗2
= −
4𝑏2
𝐷ℎ
2                                                                                                       (58) 455 
𝜕2𝜃𝑎
𝜕𝑥∗2
+ (
𝑏
𝑎
)
2 𝜕2𝜃𝑎
𝜕𝑦∗2
= 𝑈𝑎
𝜕𝜃𝑎
𝜕𝑍∗ℎ
                                                                                                       (59) 456 
𝜕2𝜉𝑎
𝜕𝑥∗2
+ (
𝑏
𝑎
)
2 𝜕2𝜉𝑎
𝜕𝑦∗2
= 𝑈𝑎
𝜕𝜉𝑎
𝜕𝑍∗𝑚
                                                                                                       (60) 457 
The normalized governing equations for the solution side are: 458 
𝜕2𝑢𝑠
∗
𝜕𝑥′∗
2 + (
𝑏
𝑎
)
2 𝜕2𝑢𝑠
∗
𝜕𝑦′∗
2 = −
4𝑏2
𝐷ℎ
2                                                                                                        (61) 459 
𝜕2𝜃𝑠
𝜕𝑥′∗
2 + (
𝑏
𝑎
)
2 𝜕2𝜃𝑠
𝜕𝑦′∗
2 = 𝑈𝑠
𝜕𝜃𝑠
𝜕𝑍′∗ℎ
                                                                                                     (62) 460 
𝜕2Θ𝑠
𝜕𝑥′∗
2 + (
𝑏
𝑎
)
2 𝜕2Θ𝑠
𝜕𝑦′∗
2 = 𝑈𝑠
𝜕Θ𝑠
𝜕𝑍′∗𝑚
                                                                                                    (63) 461 
Where 𝑢∗, 𝜃, 𝜉, 𝛩  and 𝑈  are dimensionless velocity, dimensionless temperature, 462 
dimensionless humidity, dimensionless mass fraction and dimensionless velocity 463 
coefficient respectively, as explained below: 464 
𝑢∗ = −
𝜇𝑢
𝐷ℎ
2𝑑𝑃
𝑑𝑧
                                                                                                                               (64) 465 
Where 𝜇 is the dynamic viscosity (𝑝𝑎 𝑠), 𝐷ℎ is the hydraulic diameter (𝑚) and defined 466 
as: 467 
𝐷ℎ =
4𝐴𝑐
2(2𝑎+2𝑏)
                                                                                                             (65)  468 
Where 𝐴𝑐 is the cross-section area of the channel (𝑚
2). 469 
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𝜃 =
𝑇−𝑇𝑎𝑖
𝑇𝑠𝑖−𝑇𝑎𝑖
                                                                                                                                 (66) 470 
Where 𝑇𝑎𝑖 is the inlet air temperature (𝐾), and 𝑇𝑠𝑖 is the inlet solution temperature (𝐾). 471 
𝜉 =
𝜔−𝜔𝑎𝑖
𝜔𝑠𝑖−𝜔𝑎𝑖
                                                                                                                                (67) 472 
Where 𝜔𝑎𝑖 is the inlet air humidity (𝑘𝑔/𝑘𝑔), and 𝜔𝑠𝑖 is the inlet equilibrium solution 473 
humidity (𝑘𝑔/𝑘𝑔).  474 
𝛩 =
𝑋−𝑋𝑒𝑖
𝑋𝑠𝑖−𝑋𝑒𝑖
                                                                                                                                (68) 475 
Where 𝑋𝑠𝑖 is the inlet solution mass fraction (𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑘𝑔⁄ 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛), and 𝑋𝑒𝑖 is the 476 
equilibrium air mass fraction (𝑘𝑔 𝑤𝑎𝑡𝑒𝑟 𝑘𝑔⁄ 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛). 477 
𝑈 =
𝑢∗
𝑢𝑚
∗
4𝑏2
𝐷ℎ
2                                                                                                                                  (69) 478 
Where 𝑢𝑚
∗  is the average dimensionless velocity on a cross-section, which can be 479 
obtained by: 480 
𝑢𝑚
∗ =
∬ 𝑦∗ 𝑑𝐴
𝐴𝑐
                                                                                                                    (70) 481 
In Eqs. (58) - (63), 𝑥∗, 𝑦∗, 𝑧ℎ
∗  𝑎𝑛𝑑 𝑧𝑚
∗  are the dimensionless coordinates: 482 
𝑥∗ =
𝑥
2𝑏
                                                                                                                                      (71) 483 
𝑦∗ =
𝑦
2𝑎
                                                                                                                                      (72) 484 
𝑧ℎ
∗ =
𝑧
𝑅𝑒𝑃𝑟𝐷ℎ
                                                                                                                               (73) 485 
𝑧𝑚
∗ =
𝑧
𝑅𝑒𝑆𝑐𝐷ℎ
                                                                                                                              (74) 486 
The governing equations of the membrane surface are different from previous model’s, 487 
the real heat and mass boundary conditions on the membrane surface are numerically 488 
obtained by simultaneous solution of momentum, energy and concentration equations 489 
for the air and solution. Firstly, some assumptions are made: (1) temperature differences 490 
in the membrane thickness are neglected since it is rather thin; (2) absorption heat is 491 
released on the membrane surface on the solution side. Then the normalized heat 492 
balance equation on the membrane surface between the air and solution is: 493 
𝜆∗
𝜕𝜃𝑎
𝜕𝑦∗
|
𝑦∗=0
+ ℎ𝑎𝑏𝑠
∗ 𝜕𝜉𝑎
𝜕𝑦∗
|
𝑦∗=0
=
𝜕𝜃𝑠
𝜕𝑦′∗
|
𝑦′∗=0
                                                                        (75) 494 
Where the dimensionless absorption heat and heat conductivity are defined as: 495 
ℎ𝑎𝑏𝑠
∗ =
𝜌𝑎𝐷𝑣𝑎ℎ𝑎𝑏𝑠
𝜆𝑠
(
𝜔𝑠𝑖−𝜔𝑎𝑖
𝑇𝑠𝑖−𝑇𝑎𝑖
)                                                                                            (76) 496 
𝜆∗ =
𝜆𝑎
𝜆𝑠
                                                                                                                          (77) 497 
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Where 𝜆𝑎 and 𝜆𝑠  are the heat conductivity in the air and solution sides respectively 498 
(𝑊/𝑚−1𝐾−1).        499 
The mass boundary conditions on the air side membrane surface are: 500 
𝑦∗ = 0 𝑎𝑛𝑑 𝑦∗ = 1, 𝑞(𝑥∗, 𝑧𝐺
∗ ) = ?̇?𝑣                                                                             (78) 501 
Then the heat flux on the membrane surfaces on the air and solution sides is equal to: 502 
𝑞ℎ = −𝜆
𝜕𝑇
𝜕𝑦
|
𝑦=0,2𝑎
                                                                                                       (79) 503 
The mass boundary conditions on the solution side membrane surface are: 504 
𝑦′∗ = 0 𝑎𝑛𝑑 𝑦′∗ = 1, 𝑞(𝑥′∗, 𝑧𝐺
′∗) = ?̇?𝑣                                                                             (80) 505 
Where 𝑧𝐺
∗  is the dimensionless geometric position and defined as: 506 
𝑧𝐺
∗ =
𝑧
2𝑏
                                                                                                                           (81) 507 
?̇?𝑣  is the moisture emission rate through the membrane at point (𝑥
∗, 𝑧𝐺
∗ ), which is 508 
determined by diffusion equation in the membrane as: 509 
?̇?𝑣 = 𝜌𝑎𝐷𝑣𝑚
𝜔𝑚,𝑎−𝜔𝑚,𝑠
𝛿
                                                                                                  (82) 510 
Where 𝐷𝑣𝑚 is the moisture diffusivity in the membrane (𝑚
2 𝑠⁄ ), 𝛿 is the thickness of 511 
membrane (𝑚).  512 
Then moisture emissions from the membrane surface on the air and solution sides can 513 
be obtained by: 514 
𝑞𝑚 = −𝜌𝑎𝐷𝑣𝑎
𝜕𝜔𝑎
𝜕𝑦
|
𝑦=0,2𝑎
                                                                                             (83) 515 
𝑞𝑚 = −𝜌𝑠𝐷𝑤𝑠
𝜕𝑋𝑠
𝜕𝑦′
|
𝑦=0,2𝑎
                                                                                              (84) 516 
All governing equations and their relevant boundary conditions are solved by using 517 
finite difference method, iterative techniques are also adopted in the process. Numerical 518 
results are validated by comparing with experimental results, the discrepancies between 519 
the numerical and experimental data are less than 6.0%. Thus generally speaking, this 520 
model predicts the heat and mass transfer well. Fundamental data of Nusselt and 521 
Sherwood numbers under different aspect ratios (𝑏 𝑎⁄ ) are then calculated and listed in 522 
Table 1.  523 
 524 
Table 1  525 
Fully developed (𝑓𝑅𝑒), Nuseelt and Sherwood numbers for different aspect ratios [51] 526 
Aspect ratios (𝑏/𝑎) 𝑁𝑢𝐻 𝑁𝑢𝑇 𝑁𝑢𝐶 𝑆ℎ𝐶  𝑁𝑢𝐶,𝑎 𝑆ℎ𝐶,𝑎 𝑁𝑢𝐶,𝑠 
References [40,42,43] [40,42,43]    [23]    [23]    [51]    [51]    [51] 
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1.0 3.61 2.98 1.88 1.89 3.12 3.30 3.41 
1.43 3.73 3.08 2.49 2.52 3.23 3.41 3.64 
2.0 4.12 3.39 6.06 3.10 3.48 3.65 4.05 
3.0 4.79 3.96 4.06 4.00 4.15 4.28 4.74 
4.0 5.33 4.44 4.64 4.52 4.61 5.11 5.35 
8.0 6.49 5.60 6.06 6.03 5.79 5.83 6.41 
50.0 - - 7.78 7.81 7.54 7.74 7.91 
100.0 - - 8.07 8.05 7.70 7.98 8.08 
∞ 8.23 7.54 - - - - - 
 527 
 528 
It is found from Table 1 that Nusselt number under the conjugate heat and mass transfer 529 
condition in the air side (𝑁𝑢𝐶,𝑎) is between that under uniform temperature condition 530 
(𝑁𝑢𝑇 ) and heat flux condition (𝑁𝑢𝐻). Furthermore, the Nusselt number under the 531 
conjugate heat and mass transfer condition in the solution side (𝑁𝑢𝐶,𝑠) is approximately 532 
15% higher than that in the air side.  533 
It is assumed in previous studies that the flow is hydrodynamically fully developed to 534 
avoid difficulties in solving Navier-Stokes equations. However, this assumption would 535 
underestimate the performance seriously since the developing entrance length accounts 536 
for a huge proportion of the duct length. A step forward to investigate the effects of the 537 
developing entrances on the fluid flow and conjugate heat and mass transfer in a cross-538 
flow flat plate membrane module is made by Huang et al. [52], the membrane module 539 
structure in this study is the same as that in literature [51]. More accurate governing 540 
equations are established and solved directly by considering the influences of the flow, 541 
heat and mass transfer developing entrances. For the air flow, the mass, momentum and 542 
heat governing equations are given by: 543 
𝜕𝑢𝑎
∗
𝜕𝑥∗
+
𝜕𝑣𝑎
∗
𝜕𝑦∗
+
𝜕𝑤𝑎
∗
𝜕𝑧∗
= 0                                                                                                                                  (85) 544 
𝑢𝑎
∗ 𝜕𝑢𝑎
∗
𝜕𝑥∗
+ 𝑣𝑎
∗ 𝜕𝑢𝑎
∗
𝜕𝑦∗
+ 𝑤𝑎
∗ 𝜕𝑢𝑎
∗
𝜕𝑧∗
= −
𝜕𝑝𝑎
∗
𝜕𝑥∗
+ (
𝜕2𝑢𝑎
∗
𝜕𝑥∗2
+
𝜕2𝑢𝑎
∗
𝜕𝑦∗2
+
𝜕2𝑢𝑎
∗
𝜕𝑧∗2
)                                                 (86) 545 
𝑢𝑎
∗ 𝜕𝑣𝑎
∗
𝜕𝑥∗
+ 𝑣𝑎
∗ 𝜕𝑣𝑎
∗
𝜕𝑦∗
+ 𝑤𝑎
∗ 𝜕𝑣𝑎
∗
𝜕𝑧∗
= −
𝜕𝑝𝑎
∗
𝜕𝑦∗
+ (
𝜕2𝑣𝑎
∗
𝜕𝑥∗2
+
𝜕2𝑣𝑎
∗
𝜕𝑦∗2
+
𝜕2𝑣𝑎
∗
𝜕𝑧∗2
)                                                    (87)              546 
𝑢𝑎
∗ 𝜕𝑤𝑎
∗
𝜕𝑥∗
+ 𝑣∗
𝜕𝑤𝑎
∗
𝜕𝑦∗
+ 𝑤∗
𝜕𝑤𝑎
∗
𝜕𝑧∗
= −
𝜕𝑝𝑎
∗
𝜕𝑧∗
+ (
𝜕2𝑤𝑎
∗
𝜕𝑥∗2
+
𝜕2𝑤𝑎
∗
𝜕𝑦∗2
+
𝜕2𝑤𝑎
∗
𝜕𝑧∗2
)                                              (88) 547 
𝑢𝑎
∗ 𝜕𝜃𝑎
𝜕𝑥∗
+ 𝑣𝑎
∗ 𝜕𝜃𝑎
𝜕𝑦∗
+ 𝑤𝑎
∗ 𝜕𝜃𝑎
𝜕𝑧∗
=
1
𝑃𝑟𝑎
(
𝜕2𝜃𝑎
𝜕𝑥∗2
+
𝜕2𝜃𝑎
𝜕𝑦∗2
+
𝜕2𝜃𝑎
𝜕𝑧∗2
)                                                              (89) 548 
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The governing equations of momentum and heat transfer for the solution flow are in 549 
the same forms as those for the air flow. The governing equations of mass transfer for 550 
the solution flow is: 551 
𝑢𝑠
∗ 𝜕Θ𝑠
𝜕𝑥′∗
+ 𝑣𝑠
∗ 𝜕Θ𝑠
𝜕𝑦′∗
+ 𝑤𝑠
∗ 𝜕Θ𝑠
𝜕𝑧′∗
=
1
𝑆𝑐𝑠
(
𝜕2Θ𝑠
𝜕𝑥′∗2
+
𝜕2Θ𝑠
𝜕𝑦′∗2
+
𝜕2Θ𝑠
𝜕𝑧′∗2
)                                                          (90) 552 
The governing equations and conjugate heat and mass transfer boundary conditions are 553 
solved by applying a finite volume method, iterative techniques are also used to solve 554 
interacted problems. The model is validated by comparing to the experimental data, the 555 
maximum difference between the calculated values and experimental data is 4.0%, 556 
which means this model is able to predict heat and mass transfer for the cross-flow flat 557 
plate membrane module. Then fundamental data of Nusselt and Sherwood numbers 558 
under different aspect ratios (𝑏 𝑎⁄ ) are calculated, a comparison of these numbers and 559 
those obtained without considering developing entrance is made in Table 2.  560 
Table 2  561 
Comparison of fully developed (𝑓𝑅𝑒), Nuseelt and Sherwood numbers for different 562 
aspect ratios with and without considering developing entrance  563 
Aspect ratios (𝑏/𝑎) 𝑁𝑢𝐶,𝑎 𝑁𝑢𝐶,𝑠 𝑁𝑢𝐶,𝑎 𝑁𝑢𝐶,𝑠 𝑁𝑢𝑚,𝑎 𝑁𝑢𝑚,𝑠 
References [51] [51] [52] [52] [52] [52] 
1.0 3.12 3.41 3.37 3.64 3.87 3.95 
1.43 3.23 3.64 3.48 3.78 3.99 4.18 
2.0 3.48 4.05 3.73 4.19 4.25 4.59 
3.0 4.15 4.74 4.39 4.88 4.95 5.28 
4.0 4.61 5.35 4.86 5.49 5.34 5.89 
8.0 5.79 6.41 6.04 6.55 6.58 6.95 
50.0 7.54 7.91 7.79 8.02 8.32 8.45 
100.0 7.70 8.08 7.95 8.22 8.49 9.62 
∞ - - - - - - 
 564 
 565 
As displayed in Table 2, 𝑁𝑢𝐶,𝑎  and 𝑁𝑢𝐶,𝑠  obtained with considering developing 566 
entrance are about 10% higher than those without this consideration. Furthermore, the 567 
mean Nusselt numbers along the whole duct (𝑁𝑢𝑚,𝑎 and  𝑁𝑢𝑚,𝑠) are about 10% higher 568 
than the local values (𝑁𝑢𝐶,𝑎 and  𝑁𝑢𝐶,𝑠), and approximately 20% higher than those 569 
calculated in literature [51]. This means thermally developing entrance has substantial 570 
effect on heat transfer in the duct.  571 
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The membrane-based dehumidifiers are adiabatic in the previous researches, and the 572 
solution is heated in the dehumidifier due to the absorption heat released on the solution 573 
side. An internally-cooled membrane-based liquid desiccant dehumidifier (IMLDD) is 574 
studied by Huang et al. [53], which consists feed air, solution, cooling water and sweep 575 
air. The structure of IMLDD is given in Fig. 11.  576 
   577 
Fig. 11. Structure of a cross-flow internally-cooled membrane-based liquid desiccant 578 
dehumidifier (IMLDD): (a) Space diagram; (b) planform [53] 579 
 580 
As shown in Fig. 11, the feed air and solution are in cross-flow arrangement and 581 
separated by membranes. Water is sprayed vertically along plastic plates in cooling 582 
channels which are adjacent to the solution channels. The sweep air flows over the 583 
water falling film in a co-current flow arrangement. The heat released on the solution 584 
side is swiftly taken away by falling water and sweeping air. In this modelling, a unit 585 
cell consists of a feed air channel, a piece of membrane, a solution channel, one plastic 586 
plate and half of cooling channel are selected as the calculation domain, and the 587 
coordinate system is given in Fig. 12.  588 
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            589 
Fig. 12. Coordinate system of the unit cell for the heat and mass transfer model in 590 
IMLDD. (a) Space diagram; (b) planform [53]. 591 
 592 
In this modelling, the interface between the water film and sweep air is at 593 
thermodynamic equilibrium state, and the velocity of the sweeping air at interface is 594 
equal to that of water flow. Furthermore, gravitational force of the feed air is neglected, 595 
while water falling film is formed only due to its gravitational force. Using the same 596 
method introduced in literature [51], the governing equations of the feed air, solution, 597 
water falling film and sweep air are developed respectively and solved by a finite 598 
volume numerical scheme. Experiment tests are conducted to validate the numerical 599 
model, but only the outlet parameters of the feed air, solution, water falling film and 600 
sweep air are measured due to the difficulty in measuring parameters inside the 601 
contractor. The maximum deviation between numerical and experimental results is less 602 
than 8.0%, which means numerical model is capable of predicting the performance of 603 
IMLDD well.  604 
 605 
3.3.2. Hollow fiber membrane module  606 
Even though many researches focusing on heat and mass transfer in the fiber tubes are 607 
carried out [26-30], the conjugate heat and mass transfer needs to be investigated 608 
seriously. The heat and mass transfer in a parallel flow tube-and-shell heat exchanger 609 
is investigated previously [40, 50]. However the heat and mass transfer coefficients in 610 
these studies are simply borrowed from well-established Nusselt and Sherwood 611 
correlations for traditional tube-and-shell heat exchangers, which are not suitable for 612 
membrane-based liquid desiccant dehumidifier since the membrane surface boundary 613 
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conditions are different [2]. More accurate conjugate heat and mass transfer is discussed 614 
subsequently. 615 
 616 
3.3.2.1. Free surface model  617 
To model the whole bundle of a fiber-to-fiber basis directly is difficult since the number 618 
of fibers are numerous, normally 200-600 in a small shell 4𝑐𝑚  in diameter. This 619 
problem can be solved by using Happel’s free surface model [54]. In Happel’s model, 620 
each fiber in the shell is surrounded by a fluid envelop, and there is no momentum, heat 621 
or mass transfer on the outer free surface. The fibers are assumed to be distributed 622 
homogenously and the flow is axial. The bundle consists of a series of free surface cells, 623 
which have only one fiber in the centre and surrounded by homogeneous fluid. The free 624 
surface models in literature [54] are shown in Fig. 13.  625 
 626 
Fig. 13. Free surface models for axial flow [54]  627 
Many researches are conducted based on Happel’s free surface model to investigate the 628 
correlations of the basic Nusselt number [55-63]. However, in these researches, the 629 
Nusselt numbers are obtained under uniform temperature (concentration) or heat flux 630 
(mass flux) boundary condition, which are not accurate since the membrane surface 631 
boundary condition is naturally formed and neither uniform temperature (concentration) 632 
nor uniform heat flux (mass flux). To have a better understanding of the conjugate heat 633 
and mass transfer for hollow fiber membrane module, the hollow fiber membrane 634 
modules with parallel and cross flow configurations based on free surface method are 635 
numerically analysed by Zhang et al. [14, 64]. The structures and representative cell 636 
with a free surface are shown in Fig. 14.  637 
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 638 
Fig. 14. Schematic of the hollow fiber membrane module and cell with a free surface 639 
model. (a) Parallel flow type; (b) Cross flow type; (c) The cell with a free surface [14, 640 
64] 641 
Both parallel and cross flow types have their advantages and disadvantages. The 642 
advantages of the parallel module are simple for manufacturing, well know fluid 643 
dynamic in shell and tube side, and easy for mass transfer estimation [65]. However 644 
this configuration has a disadvantage of rather large pressure drop. Furthermore, 645 
Nusselt and Sherwood numbers of a cross-flow configuration are much higher than that 646 
of a counter-flow configuration when Reynolds number is large. As a result, the cross 647 
flow hollow fiber membrane module is more attractive than the parallel flow type. The 648 
parallel flow module has 200-600 fibers in a small shell with 4cm in diameter, while 649 
the cross flow module has 2000-12000 fibers in a contractor 20×20 cm in cross section 650 
[14, 64]. To solve the problem of numerous fibers, Happel’s free surface method is used. 651 
The free surface radius of a single fiber can be obtained [54, 66]: 652 
𝑟𝑓 = 𝑟0 ∙ (
1
𝜑
)
1/2
                                                                                                              (91)   653 
Where 𝑟0 is the fiber outer radius (𝑚), 𝜑 is the packing fraction of the module. For the 654 
counter and cross flow types, 𝜑 can be calculated by: 655 
𝜑𝑐𝑜𝑢𝑛𝑡𝑒𝑟 =
𝜂𝑓𝑖𝑏𝑒𝑟𝑟0
2
𝑅0
2                                                                                                                     (92) 656 
Where 𝜂𝑓𝑖𝑏𝑒𝑟 is the number of fibers, 𝑅0 is the counter flow module shell radius (𝑚).  657 
𝜑𝑐𝑟𝑜𝑠𝑠 =
𝜂𝑓𝑖𝑏𝑒𝑟𝜋𝑟0
2
𝑎𝑏
                                                                                                                    (93) 658 
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Where 𝑎 is the cross flow module shell width (𝑚), 𝑏 is the cross flow module shell 659 
height (𝑚).  660 
In this modelling, one-fourth of a cell is selected as the calculation domain for the sake 661 
of symmetry and simplicity for the counter flow module. As for the cross flow module, 662 
only half of a cell is selected as the calculation domain. The coordinate systems of the 663 
unit cell for both counter and cross flow modules are shown in Fig. 15.  664 
 665 
Fig. 15. The coordinate system of the calculated domain: The three dimensional 666 
coordinate system for (a) counter flow; (d) cross flow. The physical plane for the 667 
channel cross section for (b) counter flow; (e) cross flow. The computational plane for 668 
(c) counter flow; (f) cross flow [14, 64] 669 
 670 
Some assumptions are made for both modelling: (1) the fibers are evenly distributed, 671 
thus results obtained from a single fiber can be generalized to the whole module [67]; 672 
(2) both air and solution flows are considered to be laminar since the Reynolds numbers 673 
are much less than 2300; (3) both air and solution flows are considered to be Newtonian 674 
with constant thermal-physical properties; (4) both air and solution flow are assumed 675 
hydrodynamically fully developed, but developing both thermally and in concentration, 676 
(5) both air and solution flows are laminar, axial heat and mass diffusions for two flows 677 
are negligible.  678 
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The developing of governing equations follows the same method as used in literature 679 
[51]. Compared to Eqs. (58) - (63), the geometric properties 2𝑎 and 2𝑏 are replaced by 680 
the free surface radius 𝑟𝑓, then a new hydraulic dimeter is defined as: 681 
𝐷ℎ =
4𝐴𝑐
𝑃𝑑
                                                                                                                                    (94) 682 
Where 𝑃𝑑 is the setted perimeter of the channels (𝑚).  683 
Body-fitted coordinate systems are generated to convert the physical plane into 684 
numerical one. For the counter flow, the cross section as given in Fig. 15(b) is 685 
transformed to the numerical plane, as shown in Fig. 15(c). The air and solution flows 686 
are coupled on BC and EH. Similarly, the physical plane of the cross flow module is 687 
transformed to the numerical plane, and two flows are coupled on ABC and FKN. After 688 
the set-up of boundary-fitted coordinate system, the governing equations are 689 
transformed into the corresponding governing equations, which are then discretized by 690 
using finite volume method. For the conjugate heat and mass transfer problem, 691 
alternating direction implicit (ADI) techniques are used to solve the governing 692 
equations. The local and mean Nusselt and Sherwood numbers are obtained and then 693 
experimentally validated. The experimental results show a good agreement with 694 
calculated data. Discrepancies between the numerical and tested data are below 5% for 695 
the counter flow module, and 6% for the cross type, which means this numerical model 696 
can be successfully used to simulate heat and mass transfer in the counter and cross 697 
flow hollow fiber membrane modules.  698 
The above model is conducted based on the assumption of laminar flow for both air and 699 
solution flows. In practical applications, the solution Reynolds number is normally 700 
below 10, thus the assumption of laminar flow for the solution is reasonable. However, 701 
although the Reynolds number for the air flow is still below 2300, the air flow would 702 
be turbulent because of the continuous disturbances from the fine tubes, which means 703 
a turbulent model for the solution side is needed [68]. The small local turbulent 704 
Reynolds numbers (less than 150) make it inaccurate to use a standard 𝑘 − 𝜀 model. A 705 
low-Re 𝑘 − 𝜀 turbulent model is employed to describe the turbulent flow and heat and 706 
mass transfer across the fiber bundle in a cross flow hollow fiber membrane module 707 
[69]. Happel’s free surface model is used again to overcome the difficulty of direct 708 
modelling of numerous number of fibers. Thus the free surface radius and packing 709 
fraction are still the same as the laminar model’s. Since the solution flow is in laminar 710 
mode along z direction, normalized governing equations of fluid flow, heat and mass 711 
31 
 
conservation are the same as those in previous two models. For the air side, the turbulent 712 
kinetic energy and dissipation rate are calculated through the transport equations, and 713 
solved simultaneously with the air flow conservation equations. The normalized 714 
governing momentum, heat and mass equations of the air flow are given below: 715 
𝜕𝑢𝑥
∗
𝜕𝑥∗
+
𝜕𝑢𝑦
∗
𝜕𝑦∗
= 0                                                                                                                                  (95) 716 
𝜕(𝑢𝑥
∗ 𝑢𝑥
∗ )
𝜕𝑥∗
+
𝜕(𝑢𝑦
∗ 𝑢𝑥
∗ )
𝜕𝑦∗
=
𝜕
𝜕𝑥∗
(Γ𝑥
𝜕𝑢𝑥
∗
𝜕𝑥∗
) +
𝜕
𝜕𝑦∗
(Γ𝑥
𝜕𝑢𝑥
∗
𝜕𝑦∗
) −
1
2
𝜕𝑝𝑎
∗
𝜕𝑥∗
+
𝜕
𝜕𝑥∗
(Γ𝑥
𝜕𝑢𝑥
∗
𝜕𝑥∗
) +
𝜕
𝜕𝑦∗
(Γ𝑥
𝜕𝑢𝑦
∗
𝜕𝑥∗
)      (96) 717 
𝜕(𝑢𝑥
∗ 𝑢𝑦
∗ )
𝜕𝑥∗
+
𝜕(𝑢𝑦
∗ 𝑢𝑦
∗ )
𝜕𝑦∗
=
𝜕
𝜕𝑥∗
(Γ𝑦
𝜕𝑢𝑦
∗
𝜕𝑥∗
) +
𝜕
𝜕𝑦∗
(Γ𝑦
𝜕𝑢𝑦
∗
𝜕𝑦∗
) −
1
2
𝜕𝑝𝑎
∗
𝜕𝑦∗
+
𝜕
𝜕𝑥∗
(Γ𝑦
𝜕𝑢𝑥
∗
𝜕𝑦∗
) +
𝜕
𝜕𝑦∗
(Γ𝑦
𝜕𝑢𝑦
∗
𝜕𝑦∗
)      (97) 718 
𝜕(𝑢𝑥
∗ 𝑘𝑎
∗ )
𝜕𝑥∗
+
𝜕(𝑢𝑦
∗ 𝑘𝑎
∗ )
𝜕𝑦∗
=
𝜕
𝜕𝑥∗
(Γ𝑘
𝜕𝑘𝑎
∗
𝜕𝑥∗
) +
𝜕
𝜕𝑦∗
(Γ𝑘
𝜕𝑘𝑎
∗
𝜕𝑦∗
) +
𝜇𝑡𝑉𝑎
𝜌𝑎𝑟𝑓𝑘𝑎
𝐺𝑘
∗ −
𝑟𝑓𝜀𝑎
𝑉𝑎𝑘𝑎
𝜀𝑎
∗ − 𝐸∗                        (98) 719 
𝜕(𝑢𝑥
∗ 𝜀𝑎
∗ )
𝜕𝑥∗
+
𝜕(𝑢𝑦
∗ 𝜀𝑎
∗ )
𝜕𝑦∗
=
𝜕
𝜕𝑥∗
(Γ𝜀
𝜕𝜀𝑎
∗
𝜕𝑥∗
) +
𝜕
𝜕𝑦∗
(Γ𝜀
𝜕𝜀𝑎
∗
𝜕𝑦∗
) +
𝑐1𝜇𝑡𝑉𝑎
𝜌𝑎𝑟𝑓𝑘𝑎
𝜀𝑎
∗ 𝐺𝑘
∗
𝑘𝑎
∗ −
𝑐2𝑟𝑓𝜀𝑎
𝑉𝑎𝑘𝑎
𝜀𝑎
∗ 2
𝑘𝑎
∗ + 𝐹
∗                    (99) 720 
𝜕(𝑢𝑥
∗ 𝜃𝑎)
𝜕𝑥∗
+
𝜕(𝑢𝑦
∗ 𝜃𝑎)
𝜕𝑦∗
=
𝜕
𝜕𝑥∗
(Γ𝑇
𝜕𝜃𝑎
𝜕𝑥∗
) +
𝜕
𝜕𝑦∗
(Γ𝑇
𝜕𝜃𝑎
𝜕𝑦∗
)                                                                       (100) 721 
𝜕(𝑢𝑥
∗ 𝜉𝑎)
𝜕𝑥∗
+
𝜕(𝑢𝑦
∗ 𝜉𝑎)
𝜕𝑦∗
=
𝜕
𝜕𝑥∗
(Γ𝜔
𝜕𝜉𝑎
𝜕𝑥∗
) +
𝜕
𝜕𝑦∗
(Γ𝜔
𝜕𝜉𝑎
𝜕𝑦∗
)                                                                       (101) 722 
 723 
In Eqs. (98) - (99), 𝐺𝑘
∗, 𝐸∗, and 𝐹∗ are defined as follows [70, 71]: 724 
𝐺𝑘
∗ = 2 [(
𝜕𝑢𝑥
∗
𝜕𝑥∗
)
2
+ (
𝜕𝑢𝑦
∗
𝜕𝑦∗
)
2
] + (
𝜕𝑢𝑥
∗
𝜕𝑦∗
+
𝜕𝑢𝑦
∗
𝜕𝑥∗
)
2
                                                                              (102) 725 
𝐸∗ =
2𝜇𝑎𝑖𝑟
𝜌𝑎𝑖𝑟𝑟𝑓𝑉𝑎𝑖𝑟
(
𝜕(𝑘𝑎
∗ )
1
2⁄
𝜕𝑦∗
)
2
                                                                                                         (103) 726 
𝐹∗ =
2𝜇𝑡𝜇𝑎𝑉𝑎𝑖𝑟
𝜌𝑎𝑖𝑟
2 𝑟𝑓
3𝜀𝑎𝑖𝑟
(
𝜕2𝑢𝑦
∗
𝜕𝑦∗2
)
2
                                                                                                              (104) 727 
𝐸∗ is added due to the anisotropy of kinetic energy in the viscous layer, 𝐹∗ is added for 728 
corresponding to the experimental values.  729 
In Eqs. (96) - (101), Γ𝑥, Γ𝑘, Γ𝑇, Γ𝜀 and Γ𝜔 are all associated diffusion coefficients.  730 
In Eq. (99), 𝑐2 is defined by [70, 71]: 731 
𝑐2 = 1.92(1 − 0.3 exp(−𝑅𝑒𝑡
2))                                                                                               (105) 732 
Other coefficients are 733 
𝑐𝜇 = 0.09, 𝑐1 = 1.44, 𝜎𝑘 = 1.0, 𝜎𝜀 = 1.3, 𝜎𝑇 = 0.95, 𝜎𝜔 = 1.0       734 
As mentioned before, for the air side, the turbulent kinetic energy and dissipation rate 735 
are calculated through the transport equations, thus the dimensionless turbulent kinetic 736 
energy of the air flow is given by: 737 
𝑘𝑎
∗ =
𝑘𝑎
𝑘𝑎𝑖
                                                                                                                                     (106) 738 
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Where 𝑘𝑎𝑖 is the turbulent kinetic energy of the approaching air flow (𝑚
2 𝑠2)⁄ , which 739 
can be calculated by [72]: 740 
𝑘𝑎𝑖 = 0.01(𝑉𝑎𝑖
2 2⁄ )                                                                                                                    (107) 741 
The dimensionless turbulent dissipation rate of the air flow is defined by: 742 
𝜀𝑎
∗ =
𝜀𝑎
𝜀𝑎𝑖
                                                                                                                                      (108) 743 
Where 𝜀𝑎𝑖 is the turbulence dissipation rate of the approaching air flow (𝑚
2 𝑠2)⁄ , which 744 
can be obtained by [72]: 745 
𝜀𝑎𝑖 =
500𝑐𝜇𝑘𝑎𝑖
2
𝑉𝑎𝑖𝐷ℎ,𝑎
                                                                                                                            (109) 746 
The solution procedure is the same as that used for laminar flow. Then the overall mean 747 
Nusselt, Sherwood numbers of both flows, and total drag coefficient of the air flow are 748 
calculated and compared with the experimental results. To evaluate the accuracy of 749 
low-Re 𝑘 − 𝜀 turbulent model, the laminar model is also used for comparison. The 750 
results show that when 𝑅𝑒𝑎 < 300, both the laminar and turbulent models agree with 751 
the test data well, and the maximum difference is less than 6.0% for three indices. 752 
However when 𝑅𝑒𝑎 > 300, the turbulent model shows better fitting than the laminar 753 
one. As a result, the low-Re 𝑘 − 𝜀 turbulent model is successful in modelling fluid flow, 754 
heat and mass transfer in the cross flow hollow fiber membrane module, especially with 755 
relatively large 𝑅𝑒𝑎.  756 
 757 
3.3.2.2. Periodic unit cell model  758 
The free surface model illustrated previously is a coarse approximation since each 759 
single fiber is enclosed into a hypothetical concentric envelop, the effect of fiber-to-760 
fiber interaction is not considered. To study the interaction among neighbouring fibers, 761 
the momentum and energy conservation equations are solved analytically or 762 
numerically for periodic arrays with different geometrical arrangements, such as in-line 763 
and staggered arrangements. More researches are conducted to investigate the 764 
conjugate heat and mass transfer for counter and cross hollow fiber membrane modules 765 
[73, 74]. Schematics of the membrane tube bank with in-line and staggered 766 
arrangements are given in Fig. 16. The areas surrounded by dashed lines are selected as 767 
the calculation domains. 768 
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 769 
Fig. 16. Schematic of a counter flow hollow fiber membrane tube bank: (a) In-line; 770 
(b) staggered, and a cross flow hollow fiber membrane tube bank: (c) In-line; (d) 771 
staggered [73, 74]  772 
 773 
The new packing fraction is defined as: 774 
𝜑 =
𝜋𝑟0
2
𝑆𝐿𝑆𝑇
                                                                                                                          (110)    775 
Where 𝑟0 is the fiber outer radius (𝑚), 𝑆𝐿 and 𝑆𝑇 are the longitudinal and transverse 776 
pitches (𝑚).  777 
The developing of governing equations follows the same procedure used in literature 778 
[51]. Compared with the free surface model, the free surface radius 𝑟𝑓 is replaced by 779 
the longitudinal pitch 𝑆𝐿. Then the hydraulic diameters of the air and solution flows are 780 
obtained by: 781 
𝐷ℎ,𝑎 =
2(𝑆𝐿𝑆𝑇−𝜋𝑟0
2)
𝜋𝑟0
, 𝐷ℎ,𝑠 = 2𝑟𝑖                                                                                 (111) 782 
Where 𝑟𝑖 is the fiber inner radius (m).  783 
Due to the complexity of the geometric constructions of the unit cells, the body fitted 784 
coordinate transformation method is employed to convert the physical domains into the 785 
rectangular calculating domains as depicted in Fig. 17. 786 
 787 
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 788 
Fig. 17. The coordinate systems of the cross-sections of the unit cells for counter flow 789 
contractor: (a) (c) physical planes for in-line and staggered configurations; (b) (d) 790 
computational planes for in-line and staggered configurations; and for cross flow 791 
contractor: (e) (g) physical planes for in-line and staggered configurations; (f) (h) 792 
computational planes for in-line and staggered configurations [73, 74] 793 
 794 
For the counter flow contractor, the physical planes as shown in Fig. 17 (a)(c) are 795 
transformed into the computational planes, as displayed in Fig. 17(b)(d). Similarly, for 796 
the cross flow contractor, physical planes in Fig. 17(e)(g) are transformed into the 797 
computational planes in Fig. 17(f)(h). For the in-line configuration of the cross flow 798 
contractor, the air and solution flows are conjugated on DE, FC, HK and GL, while 799 
they are conjugated on FC, DE, HK, GL, OPQ and RWT for the staggered configuration 800 
in the cross flow contractor. After the set-up of body-fitted coordinate systems, the 801 
governing equations are solved by using finite volume method via a self-built code 802 
developed by FORTRAN. Then the fundamental data, such as friction factor, Nusselt 803 
and Sherwood numbers are obtained and compared with those calculated from the free 804 
surface model. It is found that the friction factor and Nusselt number from the free 805 
surface model deviate 8-50% from the periodic unit cell model for the counter flow 806 
contractor, and 20% for the cross flow contractor. The free surface model is only 807 
applicable when the packing fraction is less than 0.25.  808 
The periodic unit cell model is developed by Zhang et al. [75] based on the same 809 
structure of the cross flow hollow fiber module, the low-𝑅𝑒 𝑘 − 𝜀 model is adopted 810 
rather than the laminar model to investigate the hollow fiber module performance. The 811 
model governing equations are the same as Eqs. (95)-(101), but the free surface radius 812 
𝑟𝑓 is replaced by the longitudinal pitch 𝑆𝐿 as well. The solution procedure is the same 813 
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as that used for the laminar flow. The numerical results of the laminar model are also 814 
compared with the turbulent model’s. It is found that when 𝑅𝑒𝑎 < 300, the results from 815 
both the laminar and turbulent models agree with the experimental data well, the 816 
maximum difference is less than 7.0%. However, when 𝑅𝑒𝑎 > 300 , the turbulent 817 
model shows a better fitting than the laminar model.   818 
In fact, the flow is usually impinged with a skewed angle to the fibers as a result of the 819 
duct and exchanger structure limitations, both the parallel and cross flows are ideal. The 820 
impinging angle has significant influence on the hollow fiber module performance. One 821 
research is conducted by Ali and Vafai [76] to analyse heat and mass transfer between 822 
the air and desiccant film in an inclined parallel counter flow model. The inclined 823 
parallel counter flow channels are shown in Fig. 18.  824 
       825 
Fig. 18. Schematic of inclined parallel (a) and counter (b) flow configurations [76] 826 
To solve the air flow mass, momentum and energy conservation governing equations, 827 
the coordinate transformation method is used: 828 
𝜉 = 𝑥1 𝑎𝑛𝑑 𝜂 =
𝑦1
𝛿𝑎(𝑥1)
                                                                                              (112) 829 
Where 830 
𝛿𝑎(𝑥1) = 𝑙1 − 𝑥1𝑡𝑎𝑛𝜃  for the inclined parallel flow channel                                   (113) 831 
𝛿𝑎(𝑥1) = 𝑙1 + 𝑥1𝑡𝑎𝑛𝜃  for the inclined counter flow channel                                   (114) 832 
Then the finite difference method is adopted to solve the governing equations. The 833 
results show that the inclination angle is capable of enhancing the dehumidification 834 
performance significantly compared to the pure parallel flow. The periodically fully-835 
developed laminar heat transfer and fluid flow characteristics of an array of uniform 836 
plate length is investigated by using body-fitted coordinate system [77]. The fluid flow 837 
and heat transfer phenomena around a rectangular cylinder are studied at an inclination 838 
angle from 0° to 20° [78], the heat transfer coefficients are summarized by empirical 839 
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equations. However, the above researches only focus on the skewed flow around a 840 
single fiber, In order to investigate the interactions among neighbouring fibers, the heat 841 
transfer across a skewed hollow fiber membrane module is studied based on the uniform 842 
temperature boundary conditions on the membrane surface [79]. The heat and mass 843 
transfer in a skewed flow fiber bank is also investigated in another research [80], the 844 
boundary conditions on a membrane surfaces are naturally formed by coupling between 845 
the air and solution flows. The schematic of a skewed flow in a hollow fiber membrane 846 
bundle with inline and staggered arrangements is given in Fig. 19.  847 
 848 
Fig. 19. Schematic of a skewed flow in a hollow fiber membrane bundle: (a) the 849 
bundle with inline arrangement; (b) the bundle with staggered arrangement [80] 850 
 851 
In this study, two periodic cells containing two or three fibers for different arrangements 852 
along the air stream are selected for the sake of simplicity and symmetry, as shown in 853 
Fig. 20. The interactions among neighbouring fibers and the coupling between the air 854 
and solution flows are considered.  855 
 856 
Fig. 20. Schematic of the periodic cells for modelling: (a) inline array and (b) 857 
staggered array [80] 858 
 859 
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The governing equations are similar to those in literatures [73, 74]. The skewed angle 860 
𝛼 is defined as: 861 
𝛼 = arctan (𝑢𝑥 𝑢𝑧⁄ )                                                                                                   (115) 862 
It is of vital importance to obtain the air-side transport data in the periodic cell. For the 863 
skewed flow configuration specifically, the air-side mean Nusselt and Sherwood 864 
numbers are obtained by energy and mass conservation analyses [74]: 865 
𝑁𝑢𝑐,𝑎 =
𝑆𝑇𝐿𝑠𝑖𝑛𝛼
2𝐴𝑚
𝑅𝑒𝑎𝑃𝑟𝑎
(𝜃𝑏,𝑎)𝐸𝐹𝐹′𝐸′−(𝜃𝑏,𝑎)𝐴𝐵𝐵′𝐴′
∆𝜃
                                                         (116)   866 
𝑆ℎ𝑐,𝑎 =
𝑆𝑇𝐿𝑠𝑖𝑛𝛼
2𝐴𝑚
𝑅𝑒𝑎𝑆𝑐𝑎
(𝜉𝑏,𝑎)𝐸𝐹𝐹′𝐸′−(𝜉𝑏,𝑎)𝐴𝐵𝐵′𝐴′
∆𝜉
                                                         (117)   867 
The above equations are applicable to 0 < 𝛼 ≤ 90°. ∆𝜃  and ∆𝜉  are the logarithmic 868 
mean temperature and humidity differences between the membrane surface and air flow 869 
respectively, which are given by: 870 
∆𝜃 =
(𝜃𝑤,𝑎−𝜃𝑏,𝑎)𝐸𝐹𝐹′𝐸′−(𝜃𝑤,𝑎−𝜃𝑏,𝑎)𝐴𝐵𝐵′𝐴′
ln [(𝜃𝑤,𝑎−𝜃𝑏,𝑎)𝐸𝐹𝐹′𝐸′/(𝜃𝑤,𝑎−𝜃𝑏,𝑎)𝐴𝐵𝐵′𝐴′]
                                                                (118) 871 
∆𝜉 =
(𝜉𝑤,𝑎−𝜉𝑏,𝑎)𝐸𝐹𝐹′𝐸′−(𝜉𝑤,𝑎−𝜉𝑏,𝑎)𝐴𝐵𝐵′𝐴′
ln [(𝜉𝑤,𝑎−𝜉𝑏,𝑎)𝐸𝐹𝐹′𝐸′/(𝜉𝑤,𝑎−𝜉𝑏,𝑎)𝐴𝐵𝐵′𝐴′]
                                                                   (119)  872 
Where the subscripts “𝑤” and “𝑏” represent “wall mean” and “bulk” respectively.  873 
 874 
To solve the governing equations, the body fitted coordinate transformation method is 875 
employed to convert the physical domains to the rectangular calculating domains as 876 
well, the governing equations are discretised by finite volume method. It is found that 877 
the skewed angle has significant impact on heat and mass transfer in the bundle. The 878 
periodically mean friction factors, Nusselt and Sherwood numbers increase with the 879 
skewed angle. Furthermore, the skewed heat and mass transfer rates and friction factors 880 
are higher than those of the counter flow, but lower than the cross flow’s.   881 
To sum up, the conjugate heat and mass transfer method provides better accuracy in 882 
modelling compared with 𝜀 − 𝑁𝑇𝑈  and finite difference methods. The boundary 883 
conditions on the membrane surface are naturally formed in this method rather than 884 
uniform temperature or concentration boundary conditions. Fundamental heat and mass 885 
transfer data can be obtained directly from the conjugate heat and mass transfer 886 
governing equations. As a matter of convenience, a detail comparison of three different 887 
modelling methods is summarized in Table 3.  888 
 889 
 890 
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Table 3 891 
Comparison of different modelling methods for membrane-based heat and mass 892 
exchanger 893 
Modelling 
method 
exchanger 
type 
Flow 
pattern 
System 
stability 
Cooling 
type 
Fiber-fiber 
interaction 
(for hollow 
fiber 
exchangers 
only) 
Air flow 
assumption 
(for hollow 
fiber 
exchangers 
only) 
Solutions 
to solve 
governing 
equations 
Experimental 
validation 
References 
𝜀 − 𝑁𝑇𝑈  
method 
Flat plate 
cross 
Steady-
state 
adiabatic - 
≤ 7.3% (sensible) 
≤ 8.6% (latent) 
[25] 
Counter-
cross 
≤ 10% [32] 
Hollow 
fiber 
cross 
≤ 5% (sensible) 
≤ 12% (latent) 
[31] 
Finite 
difference 
method 
Flat plate 
Counter Steady 
state 
 
adiabatic - 
Finite 
difference 
Good agreement 
 
[34] 
cross 
[39] 
transient [36, 48-49] 
Counter-
cross 
Steady 
state 
[35, 41] 
Conjugate 
heat and 
mass 
transfer 
method 
Flat plate cross 
Steady-
state 
adiabatic 
- 
 
Finite 
volume 
≤ 6.0% 
(hydrodynamically 
fully developed )  
≤ 4.0% (Consider 
effects of 
developing 
entrances) 
[51, 52] 
Internally-
cooled 
≤ 8% [53] 
Hollow 
fiber 
parallel 
adiabatic 
Free-surface 
method 
laminar 
≤ 5% [14] 
cross ≤ 6% [64] 
cross 
Turbulent 
(low-Re 𝑘 −
𝜀 model) 
≤ 6% [69] 
Parallel 
Periodic unit 
cell method 
laminar 
≤ 5% [73] 
Cross ≤ 7.5% [74] 
Skewed 
For heat transfer ≤
6.7% 
For mass transfer 
≤ 7.5% 
For friction factor 
≤ 5.8% 
[80] 
cross 
Turbulent 
(low-Re 𝑘 −
𝜀 model) 
≤ 7% [75] 
 894 
4. Modelling of randomly placed fiber distribution 895 
Different modelling methods for the hollow fiber membrane modules are discussed in 896 
previous section. In those studies the fibers are assumed to be orderly packed for the 897 
ease of calculations. However, in practice the fibers are distributed densely and 898 
randomly due to the numerous number of fibers in a shell and fibers are normally fine 899 
[81]. Thus the nature of non-uniformity in fiber distribution needs to be considered to 900 
study the influence of randomly placed fibers on heat and mass transfer. Methods used 901 
to simulate the fiber distribution are discussed in this section.  902 
4.1. Voronoi Tessellation method  903 
Recently, Varonoi Tessellation is employed to model the randomly packed hollow fiber 904 
modules [82-86]. In this method, each fiber is surrounded by a polygonal cell whose 905 
boundaries are defined by perpendicular bisectors of lines joining each fiber with its 906 
nearest neighbour, and a typical Voronoi polygon is shown in Fig. 21.  907 
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      908 
Fig. 21. Voronoi tessellation of flow area [82]  909 
 910 
An exponential probability density function 𝑓 is applied to approximate the probability 911 
that there is no other fiber within a polygonal area 𝜙 surrounded by 𝑠 nearest fibers [82]: 912 
𝑓(𝜙) =
𝑠𝑠
〈𝜙〉𝑠
𝜙𝑠−1
(𝑠−1)!
𝑒−(𝑠𝜙)/〈𝜙〉                                                                                        (120) 913 
Where     914 
𝜙 = 𝑎 − 𝑎𝑓 and 〈𝜙〉 = 𝑎0 − 𝑎𝑓                                                                                 (121) 915 
𝑎 is the cross-sectional area of a polygonal cell (𝑚2), 𝑎0 is the average cross-sectional 916 
polygonal cell area (𝑚2), 𝑎𝑓 is the cross-sectional area of a fiber (𝑚
2). The typical value 917 
of 𝑠 is 4-6 [85]. At lower packing density, 𝑠 = 4 appears to fit the simulation results 918 
better; at higher packing density, the obtained distribution agrees with 𝑠 = 6, but the 919 
influence of 𝑠 on results is not evident [86].  920 
The probability density function can be written in terms of  𝜆 and the normalized 921 
probability 𝑃, for a fixed value of 𝑠 of cell having an area between 𝑎1 and 𝑎2 [83]: 922 
𝑃 =
1
(1−(𝑎𝑓 𝑎0))⁄
∫ 𝑠2
𝜆𝑠−1𝑒−𝑠𝜆
(𝑠−1)!
𝑑𝜆
𝜆2
𝜆1
                                                                               (122) 923 
Where  924 
𝜆1 =
𝑎1−𝑎𝑓
𝑎0−𝑎𝑓
 and 𝜆2 =
𝑎2−𝑎𝑓
𝑎0−𝑎𝑓
                                                                                       (123) 925 
The average mass transfer coefficient 〈𝐾〉 is estimated from the local mass transfer 926 
coefficient 𝐾𝑖 in each polygonal cell, which is obtained by the Sherwood number: 927 
𝑆ℎ𝑓𝑖 = 1.62 (
𝐿𝐷
𝑢𝑖𝑑𝑡𝑖
2 )
−0.33
=
𝐾𝑖𝑑ℎ𝑖
𝐷
                                                                                (124) 928 
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Where 𝑆ℎ𝑓𝑖 is the length-averaged feedside Sherwood number in the 𝑖th flow category, 929 
𝐷 is the diffusion coefficient, 𝑑𝑡𝑖 is the internal diameter of hollow fiber (𝑚). In Eq. 930 
(124), the local axial flow velocity 𝑢𝑖 is obtained by: 931 
Δ𝑃 = (
2𝜇𝐿
𝜌
) (
(𝑓𝑅𝑒)𝑒
𝜙𝑑ℎ
2 ) =
4𝜌𝑢𝑖
2𝐿
𝑑ℎ𝑖
                                                                                     (125) 932 
Where 𝐿 is the flow length (𝑚), 𝜌 and 𝜇 are the fluid density (𝑘𝑔 𝑚3)⁄  and viscosity 933 
(𝑁𝑠 𝑚2⁄ ) respectively, 𝑑ℎ and 𝑑ℎ𝑖 are the hydraulic diameters in the whole bundle and 934 
the 𝑖th flow category (𝑚) respectively.  935 
For the situation where Voronoi cells or polygons are irregular, it is difficult to give the 936 
velocity profiles in the cell, which means it is impossible to obtain the mass transfer 937 
coefficient in each cell as well as the whole randomly packed module [87]. The Voronoi 938 
Tessellation method is extended by applying Happel’s free surface model [54], a shear 939 
free boundary condition is developed in the imaginary outer boundary of the cell. The 940 
schematic of the module cross-section sub-division and free surface model is shown in 941 
Fig. 22.  942 
 943 
Fig. 22. Schematic of the module cross-section sub-division and free surface model 944 
[87] 945 
 946 
The probability density function is also applied in this study. The relationship between 947 
the cell area and local packing density is: 948 
𝑎 =
1
4
𝜋𝑑𝑓
2 =
𝑎𝑓
𝜙
=
1
4
𝜋𝑑0
2
𝜙
                                                                                                   (126) 949 
Where 𝜙 is the local packing fraction, 𝑑𝑓 and 𝑑0 are the free surface dimeter and fiber 950 
outer diameter (𝑚) respectively. The probability density distribution function of the 951 
local cell packing fraction is calculated as: 952 
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𝑓(𝜙) =
𝑠𝑠
(𝑠−1)!
𝜙0
𝑠
(1−𝜙0)𝑠
(1−𝜙)𝑠−1
𝜙𝑠+1
× 𝑒𝑥𝑝 [−𝑠
𝜙0(1−𝜙)
𝜙(1−𝜙0
]                                                      (127) 953 
Which fulfils the criteria: 954 
∫ 𝜙𝑓(𝜙)𝑑𝜙
1
0
= 𝜙0 and ∫ 𝑓(𝜙)𝑑𝜙 = 1
1
0
                                                                    (128) 955 
Then a function is defined according to the free surface model 𝑔(𝜙): 956 
𝑔(𝜙) =
8(𝜙−𝜙2)
4𝜙−𝜙2−3−2𝑙𝑛𝜙
                                                                                               (129) 957 
Accordingly, the probability cumulative distribution function of cell void area 𝐻(𝜙) 958 
and probability cumulative distribution function of fluid flow 𝐽(𝜙) are defined as: 959 
𝐻(𝜙) =
𝑓(𝜙)(1 𝜙−1)⁄
(1 𝜙0−1)⁄
                                                                                                   (130) 960 
𝐽(𝜙) =
𝑓(𝜙)(1 𝜙−1)/𝑔(𝜙)⁄
∫ 𝑓(𝑡)(1 𝑡−1⁄ )/𝑔(𝑡)𝑑𝑡
1
0
                                                                                        (131) 961 
 962 
4.2. Fractal method  963 
The Voronoi Tessellation method provides a possibility to calculate heat and mass 964 
transfer in a randomly packed module quantitatively. However, the degree of 965 
irregularity is not truly reflected in this method because this method assumes a uniform 966 
probability function for all muddles, while in reality the degree of irregularity is 967 
changed for different modules even under the same packing fraction [81]. As a result, 968 
it is impossible to know how exactly the irregularity influences on the flow and 969 
transport phenomena in a module.  970 
Another study is conducted by using the fractal model approach to analyse the non-971 
uniformity problem [81], where a “imaginary free-surface cells” technique is employed 972 
to set up the model. The empty volume on the shell side is divided by the number of 973 
fibers, and each volume is called a cell. Each cell has two concentric cylinders: one is 974 
the outer diameter of the fiber, the other is a hypothetic free surface, and all flows are 975 
concentrated inside the imaginary cells. The concept is shown in Fig. 23.  976 
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 977 
Fig. 23. The concept of imaginary free-surface cells model: (a) a bundle of equivalent 978 
hypothetic cells in the shell, and (b) a hypothetic cell in the shell [81]  979 
The cell geometric properties are defined as: 980 
The local packing density: 𝜙 =
𝑑0
2
𝑑𝑒
2                                                                              (132) 981 
The local porosity: 𝜀 = 1 − 𝜙                                                                                   (133) 982 
The equivalent void diameter: 𝜆 = 𝜀1 2⁄ 𝑑𝑒 (
𝜀
1−𝜀
)
1 2⁄
𝑑0                                            (134) 983 
The hydrodynamic dimeter: 𝑑ℎ =
4𝐴𝑐
𝑃𝑒
=
𝜀
1−𝜀
𝑑0
𝜆2
𝑑0
                                                    (135) 984 
The cumulative size distribution of voids follows the power law relation [88, 89]: 985 
𝑁(𝜆) = (
𝜆𝑚𝑎𝑥
𝜆
)
𝐷𝑓
                                                                                                      (136) 986 
Where 𝜆 is the void diameter (𝑚), 𝑁(𝜆) is the total number of voids with diameter 987 
greater than 𝜆, 𝜆𝑚𝑎𝑥 is the maximum void diameter (𝑚), 𝐷𝑓 is the fractal dimension of 988 
self-similar fractal structures. 989 
Accordingly, the following relationship is obtained: 990 
−
𝑑𝑁
𝑁𝑓
= 𝐷𝑓𝜆𝑚𝑖𝑛
𝐷𝑓 𝜆−(𝐷𝑓+1)𝑑𝜆 = 𝑓(𝜆)𝑑𝜆                                                                    (137) 991 
Where 𝑓(𝜆) is the probability density function: 992 
∫ 𝑓(𝜆)𝑑𝜆
+∞
−∞
= ∫ 𝑓(𝜆)𝑑𝜆
𝜆𝑚𝑎𝑥
𝜆𝑚𝑖𝑛
= 1 − (
𝜆𝑚𝑖𝑛
𝜆𝑚𝑎𝑥
)
𝐷𝑓
                                                       (138) 993 
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Based on the numerical data with fractal model, the correlation of Sherwood number is 994 
given by: 995 
𝑆ℎ = (14.06𝜙4 − 29.21𝜙3 + 22.59𝜙2 − 7.71𝜙 + 1.03)𝑅𝑒0.33𝑆𝑐0.33𝜓𝑘             (139) 996 
𝜓𝑘 = 0.882𝐷𝑓 − 0.535                                                                                             (140) 997 
Where 𝜓𝑘 is the correction factor for mass transfer, which takes into account of the 998 
irregularity. The area dimension 𝐷𝑓 is determined based on the box-counting method 999 
introduced in literature [83]. The established correlations for Sherwood number are 1000 
summarized in Table 4.  1001 
Table 4  1002 
Correlations for predicting shell side mass transfer coefficient in a randomly packed 1003 
hollow fiber membrane module [90]   1004 
Correlations Packing density (𝜑, %) Reynolds number range Reference 
𝑆ℎ = 1.25 (
𝑅𝑒𝐷ℎ
𝐿
)
0.93
𝑆𝑐0.33  2.5, 26 0-500 Yang and Cussler [65] 
𝑆ℎ = 5.85(1 − 𝜙) (
𝑑ℎ
𝐿
) 𝑅𝑒0.6𝑆𝑐0.33  4, 8.7, 19.7, 40 0-500 Prasad and Sirkar [91]  
𝑆ℎ = (0.53 − 0.58𝜙)𝑅𝑒0.53𝑆𝑐0.33  31.9-75.8 25-300 Castello et al. [92] 
𝑆ℎ = 0.41 (
1
𝑁𝑓
) (
𝐷𝑠
𝑑0
)
2
(
𝑑ℎ
𝐿
)
0.25
𝑅𝑒0.33𝑆𝑐0.33  5.06-15.7 10-300 Nii and Takeuchi [93] 
𝑆ℎ = (𝑆ℎ1
3 + 𝑆ℎ2
3 + 𝑆ℎ3
3)1/3  
10-75 Laminar Lipnizki et al. [94]  
𝑆ℎ1 = 3.66 + 1.2(√𝜙)
−0.8  
𝑆ℎ2 = 1.615(1 + 0.14(√𝜙)
−0.5)
3
(
𝑅𝑒𝑆𝑐𝑑ℎ
𝐿
)
1/2
  
𝑆ℎ3 = (
2
1+22𝑆𝑐
)
1/6
(
𝑅𝑒𝑆𝑐𝑑ℎ
𝐿
)
1/2
  
𝑆ℎ = 1.62 (𝑅𝑒𝑆𝑐
𝑑ℎ
𝐿
)
1/3
  Tube flow Laminar, 𝐺𝑧 ≥ 25 Leveque equation [95, 96] 
𝑆ℎ = (0.31𝜙2 − 0.34𝜙 + 0.1)𝑅𝑒0.9𝑆𝑐0.33  29.78, 49.78, 69.78, 91.6 32-1287 Wu and Chen [83] 
𝑆ℎ = (0.163 + 0.27𝜙) (
𝑢
𝐷𝑣𝐿
)
0.6
  20, 30, 40, 50 178-1194 Zheng et al. [87] 
𝑆ℎ = (
14.06𝜙4 − 29.21𝜙3 + 22.59𝜙2
−7.71𝜙 + 1.03
) 𝑅𝑒0.33𝑆𝑐0.33𝜓𝑘   
𝜓𝑘 = 0.882𝐷𝑓 − 0.535  
10-80 Laminar Zhang [81] 
 1005 
It is found that 𝑆ℎ𝑚 increases with 𝐷𝑓, the correlations in this study reflect the influence 1006 
of the irregularity degree on the module performance, while the correlations by other 1007 
studies cannot.  1008 
4.3. Periodic unit cell method  1009 
A research is conducted into the fluid flow and heat transfer in an elliptical hollow fiber 1010 
membrane module with random distribution [97]. It is found that the elliptical hollow 1011 
fiber membrane module has better heat and mass transfer performance compared to the 1012 
conventional one [98-100]. A normally distributed random error model is used to 1013 
describe the random distribution of fibers. The Box-Muller transform [101, 102] is 1014 
applied, which is a pseudo-random number sampling method for generating pairs of 1015 
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independent, standard, normally distributed random numbers. Two independent 1016 
random variables 𝑈1  and 𝑈2  are supposed, which are uniformly distributed in the 1017 
interval (0, 1].  1018 
𝑍1 = √−2𝑙𝑛𝑈1cos (2𝜋𝑈2) and 𝑍2 = √−2𝑙𝑛𝑈1sin (2𝜋𝑈2)                                     (141) 1019 
Where 𝑍1  and 𝑍2  are the independent random variables with standard normal 1020 
distributions, 𝐸 and 𝑆 are the mean value and square deviation respectively, which can 1021 
be manually adjusted. Then two groups of random numbers are calculated by: 1022 
𝑍3 = 𝐸 + 𝑍1 ∙ 𝑆                                                                                                        (142) 1023 
𝑍4 = 𝐸 + 𝑍2 ∙ 𝑆  (143) 1024 
The geometric centre coordinates of the elliptical fibers are given by 𝑍3 and 𝑍4. Three 1025 
unit cells are selected as the calculation domains, which are shown in Fig. 24.  1026 
 1027 
Fig. 24. The calculated domains: (a) random 1; (b) random 2; (c) random 3 [97] 1028 
20 fibers are proper in each unit cell to represent the whole fiber bank. Then the 1029 
longitudinal length 𝐿𝑢𝑛𝑖𝑡 and transverse length 𝐻𝑢𝑛𝑖𝑡 of the unit cell are calculated by: 1030 
𝐿𝑢𝑛𝑖𝑡 = 𝐻𝑢𝑛𝑖𝑡 = √𝜂𝑓𝑖𝑏𝑒𝑟𝜋𝑎𝑏/𝜑                                                                                (144) 1031 
Where 𝑎 and 𝑏 are the elliptical semi-axis in 𝑦 and 𝑥 axes respectively, 𝜂𝑓𝑖𝑏𝑒𝑟  is the 1032 
number of fibers, and 𝜑 is the packing fraction.  1033 
The random distributions of three unit cells can be determined, the square deviations of 1034 
three unit cells are 4.85, 8.94 and 16.49 respectively, while the mean values of them are 1035 
all set to be 7.20. A renormalization group 𝑘 − 𝜀 turbulence model is used to develop 1036 
governing equations, and the finite control volume method is adopted to solve 1037 
governing equations. It is found that the air has lower flow resistances when the fiber 1038 
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distribution becomes more concentrated, and Nusselt number becomes smaller, which 1039 
means the fiber distribution has great influence on the fluid flow and heat transfer. 1040 
Furthermore, the flow and heat transfer comprehensive capabilities of the regularly 1041 
packed module are greater than those of the randomly packed module, meaning heat 1042 
transfer performance is deteriorated for the fluid flow across randomly packed hollow 1043 
fiber module. Therefore, the module performance can be enhanced by decreasing the 1044 
elliptical semi-axis ratio (𝑏/𝑎).  1045 
 1046 
5. Modelling of flow maldistribution  1047 
A uniform flow distribution is assumed in the previous studies, which means a 1048 
representative single channel is targeted, and the real flow distribution in the whole 1049 
exchanger is neglected. However, in reality the whole exchanger consists of inlet, 1050 
outlets, exchanger shells, separating plates and core, as shown in Fig. 25 [90]: 1051 
 1052 
Fig. 25. Schematic of a practical total heat exchanger [90].  1053 
Due to the complex ducting work in a practical exchanger shell, the flows would 1054 
undergo turnarounds, expansions and contractions, which would lead to flow 1055 
maldistribution across the core face [90]. Previous researches [103-105] on flow 1056 
maldistribution normally assume one-dimensional flow distribution for both U-type 1057 
and Z-type arrangements. Furthermore, the velocity distribution is determined without 1058 
coupling with the core effect when solving fluid fields. More realistic and accurate 1059 
analyses are required.  1060 
 1061 
 1062 
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5.1. Plate-type modules 1063 
There are two main types of plate module regarding core structure: parallel plate and 1064 
plate-fin types. The schematics of these two types are shown in Fig. 26: 1065 
 1066 
Fig. 26. Schematics of plate-type module core: (a) parallel plate type [106]; (b) 1067 
triangular plate-fin type [107, 108] 1068 
Several researches into these two types are carried out [106-108]. In these studies, the 1069 
flow maldistribution is calculated by selecting the whole exchanger as the calculating 1070 
domain. In the meanwhile, only the fresh air duct is selected as the calculating domain 1071 
since the fresh air duct and exhaust air duct are in symmetry, which is given in Fig. 27.  1072 
        1073 
Fig. 27. The calculating domain for flow distribution of the total heat exchanger fresh 1074 
air duct [106-108]  1075 
In reality, a core has hundreds of channels, which makes the direct modelling of flow 1076 
on the channel-to-channel basis difficult. To solve this problem, the core is treated as a 1077 
porous media, which only permits one dimensional air flow along the channel length 1078 
[106-108]. This method is reasonable due to the small channel pitch (1.5-5 𝑚𝑚) in the 1079 
core. The core itself is similar to a porous media. The flow fields are predicted first 1080 
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without considering heat transfer. The porous media are simulated by the addition of a 1081 
momentum source term to the standard fluid flow equations: 1082 
𝑆𝑖 = ∑ 𝐷𝑖𝑗𝜇𝑢𝑗 + ∑ 𝐶𝑖𝑗
1
2
𝜌|𝑢𝑗|𝑢𝑗
3
𝑗=1
3
𝑗=1                                                                       (145) 1083 
Where 𝑆𝑖 is the source term for the ith (𝑥, 𝑦, or 𝑧) momentum equation. The first part is 1084 
the viscous term (Darcy), the second part is the inertial loss term. For the case of simple 1085 
homogeneous porous media: 1086 
𝑆𝑖 =
𝜇
𝛼
𝑢𝑖 + 𝐶2
1
2
𝜌|𝑢𝑖|𝑢𝑖                                                                                            (146) 1087 
Where 𝛼 is the permeability and 𝐶2 is the inertial resistance factor.  1088 
For laminar flow, the pressure drop is typically proportional to velocity, and 𝐶2 in Eq. 1089 
(146) can be considered as zero: 1090 
∆𝑃 =
𝜇
𝛼
𝑢𝑖∆𝑥                                                                                                             (147) 1091 
Where 𝑢𝑖 is the face velocity in the core (in 𝑥 direction) (𝑚 𝑠⁄ ). 1092 
Then based on the definition of duct friction factor, the pressure drop and 𝑅𝑒 number 1093 
are: 1094 
∆𝑃 =
∆𝑥
𝐷ℎ
𝑓
1
2
𝜌𝑢𝑑
2                                                                                                         (148) 1095 
𝑅𝑒 =
𝜌𝑢𝑑𝐷ℎ
𝜇
                                                                                                                (149)  1096 
where 𝑢𝑑 is the velocity in duct (𝑚 𝑠⁄ ), which is twice the face velocity.  1097 
For fully developed laminar flow in duct: 1098 
𝑓 ∙ 𝑅𝑒 = 𝐶3                                                                                                                (150) 1099 
Where 𝐶3 is the constant for a given cross-section, which can be found in literatures 1100 
[40, 42].  1101 
The core equivalent permeability 𝛼 is obtained from Eqs. (147), (148) and (150) when 1102 
its structure is known, then the fluid flow is calculated, and two dimensional velocity 1103 
distributions on the core surface are predicted. Afterwards, the heat transfer in the core 1104 
is obtained. It is found that for plate type module, the channel pitch determines how 1105 
serious the flow maldistribution is. The larger the channel pitch, the more serious the 1106 
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flow maldistribution. Thermal deterioration factors caused by maldistribution could be 1107 
as high as 10-20%.  1108 
5.2. Hollow fiber modules  1109 
In Section 4, the maldistribution caused by fibers’ nonuniform distribution is discussed. 1110 
In this section, the maldistribution caused by hollow fiber module structure will be 1111 
addressed.  1112 
The flow maldistribution for cross and counter flow hollow fiber modules are 1113 
investigated [109, 110], the structures of two types are shown in Fig. 28: 1114 
 1115 
Fig. 28. Schematics of the hollow fiber module: (a) cross flow type [109]; (b) counter 1116 
flow type [110].  1117 
The flows in the hollow fiber module are more complicated compared to the plate type 1118 
module’s, so three dimensional flow distributions are considered. The permeability 𝛼 1119 
in Eq. (147) for the three directions is different due to the different resistances, for the 1120 
transverse flow across the fiber (𝑦 and 𝑧 directions): 1121 
∆𝑃𝑖 = 𝑁𝑖𝜒𝑖
𝜌𝑎𝑢𝑚𝑎𝑥
2
2
𝑓𝑖                                                                                               (151) 1122 
𝑢𝑚𝑎𝑥,𝑖 =
𝜎𝑖
𝜎𝑖−1
𝑢∞,𝑖                                                                                                   (152) 1123 
Where 𝑁 is the row number of fibers along the flow direction, 𝜒 is a correction factor 1124 
[40], 𝑓 is the friction factor across tube banks [46]. 𝜎 is the pitch to diameter ratio, and 1125 
𝑢∞ is face velocity (𝑚 𝑠⁄ ).  1126 
For the flow along the fiber (𝑥 direction): 1127 
∆𝑃𝑖 = 𝑓𝑖
𝑥𝐹
𝐷ℎ
𝜌𝑎𝑢𝑖
2
2
                                                                                                        (153) 1128 
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The friction factor 𝑓𝑖 can be obtained from the correlations in literatures [27, 111]: 1129 
𝑓𝑖 ∙ 𝑅𝑒𝑖 = 41.3 for cross flow configuration                                                            (154) 1130 
𝑓𝑖 = 0.079𝑅𝑒𝑖
−0.25 for counter flow configuration                                                   (155) 1131 
Where 𝑅𝑒𝑖 is obtained by: 1132 
𝑅𝑒𝑖 =
𝐷ℎ𝑢𝑖𝜌𝑎
𝜇𝑎
                                                                                                             (156) 1133 
Where hydraulic diameter 𝐷ℎ is calculated by: 1134 
𝐷ℎ = 4
𝐴
𝐿𝑤𝑒𝑡𝑡𝑒𝑑
                                                                                                           (157) 1135 
Where 𝐴 is the cross section area of hollow fiber membrane core (𝑚2): 1136 
𝐴 = 𝑦𝐹𝑧𝐹 −
𝑛𝑓𝑟𝜋𝑑0
2
4
  for cross flow configuration                                                       (158)                          1137 
𝐴 =
𝜋𝑑𝑐𝑜𝑟𝑒
2
4
−
𝑛𝑓𝑟𝜋𝑑0
2
4
  for counter flow configuration                                                (159)     1138 
Where 𝑛𝑓𝑟 is the total number of fibers in the membrane core.  1139 
𝐿𝑤𝑒𝑡𝑡𝑒𝑑 is the wetted perimeter (𝑚), which can be calculated by: 1140 
𝐿𝑤𝑒𝑡𝑡𝑒𝑑 = 2(𝑦𝐹 + 𝑧𝐹) + 𝑛𝑓𝑟𝜋𝑑0 for cross flow configuration                                (160) 1141 
𝐿𝑤𝑒𝑡𝑡𝑒𝑑 = 𝜋𝑑𝑐𝑜𝑟𝑒 + 𝑛𝑓𝑟𝜋𝑑0 for counter flow configuration                                     (161) 1142 
Thus the permeability for each direction is obtained by Eqs. (147), (151) and (153) 1143 
when the structure of the module is known. The effect on the flow distribution is 1144 
determined, and the heat transfer rate in the core is calculated. It is found that flow 1145 
maldistribution is mostly induced by inlet/outlet manifolds, the packing fraction 1146 
influences flow distribution significantly. It is recommended to use module with higher 1147 
packing density and straight inlet and outlet headers for less flow mal-distribution.   1148 
 1149 
6. Conclusion 1150 
This paper has presented a comprehensive review of different modelling methods for 1151 
membrane-based liquid desiccant heat and mass transfer exchanger. The following 1152 
conclusions can be drawn: 1153 
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1) There are three predominant modelling methods for the membrane-based liquid 1154 
desiccant heat and mass exchanger: effectiveness 𝑁𝑇𝑈 ( 𝑒 − 𝑁𝑇𝑈 ), finite 1155 
difference and conjugate heat and mass transfer methods.  1156 
2) The 𝑒 − 𝑁𝑇𝑈  method is the most effective, time-saving but less accurate 1157 
accordingly. The finite difference method provides better accuracy in modelling 1158 
compared with 𝜀 − 𝑁𝑇𝑈 method, its heat and mass transfer coefficients are 1159 
derived from correlations of fundamental data such as Nusselt and Sherwood 1160 
numbers, which are borrowed from well-known books. The conjugate heat and 1161 
mass transfer method has the best accuracy in modelling, its boundary 1162 
conditions on the membrane surface are naturally formed,  and the fundamental 1163 
heat and mass transfer data are obtained directly from the conjugate heat and 1164 
mass transfer governing equations.  1165 
3) In terms of modelling of hollow fiber membrane module, free surface model 1166 
overcomes the difficulty of direct modelling of numerous fibers, while periodic 1167 
unit cell model provides a more accurate modelling by considering the 1168 
neighbouring fiber interactions. 1169 
4) Low-Re 𝑘 − 𝜀 turbulent model, which assumes the air flow to be turbulent, 1170 
demonstrates a better accuracy in heat and mass transfer than the laminar flow 1171 
model for hollow fiber membrane module.  1172 
5) Voronoi Tessellation method offers a possibility to analyse heat and mass 1173 
transfer in a randomly packed module quantitatively. Fractal method reflects the 1174 
effects of the irregularity degree on performance better compared to Voronoi 1175 
Tessellation method.  1176 
6) Flow maldistribution can be calculated and analysed by selecting the whole 1177 
exchanger as the calculating domain. For the plate type module, the larger the 1178 
channel pitch, the more serious the flow maldistribution. For the hollow fiber 1179 
type module, high packing density and straight inlet and outlet headers are 1180 
recommended for less flow mal-distribution.    1181 
 1182 
7. Future research on modelling method 1183 
Based on current reviews of the modelling methods for the membrane-based heat and 1184 
mass transfer exchanger, the following suggestions are proposed for future research: 1185 
1) The modelling of application-scale membrane module for practical utilization. 1186 
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2) The modelling of hollow fiber module based on the transient state. 1187 
3) The run-around system modelling for hollow fiber modules.  1188 
4) The effects of fouling and crystallization of desiccant solution on the 1189 
performance of membrane-based heat and mass transfer exchanger.  1190 
 1191 
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